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Abstract. We investigate the probabilities of large deviations for the position 
of the front in a stochastic model of the reaction X + Y — > 2X on the integer 
lattice in which Y particles do not move while X particles move as independent 
simple continuous time random walks of total jump rate 2. For a wide class of 
initial conditions, we prove that a large deviations principle holds and we show 
that the zero set of the rate function is the interval [0, v], where v is the velocity of 
the front given by the law of large numbers. We also give more precise estimates 
for the rate of decay of the slowdown probabilities. Our results indicate a gapless 
property of the generator of the process as seen from the front, as it happens in 
the context of nonlinear diffusion equations describing the propagation of a pulled 
front into an unstable state. 



1. Introduction 

We consider a microscopic model of a one-dimensional reaction-diffusion equation, 
with a propagating front representing the passage from an unstable equilibrium to 
a stable one. It is defined as an interacting particle system on the integer lattice 
Z with two types of particles: X particles, that move as independent, continuous 
time, symmetric, simple random walks with total jump rate Dx = 2; and Y particles, 
which are inert and can be interpreted as random walks with total jump rate Dy = 0. 
Initially, each site x = 0, —1, —2, . . . bears a certain number r/(x) > of X particles 
(with at least one site x such that r/(x) > 1), while each site x = 0, 1, . . . bears a 
fixed number a of particles of type Y (with 1 < a < +cxd). When a site x = 1,2,... 
is visited by an X particle for the first time, all the Y particles located at site x are 
instantaneously turned into X particles, and start moving. The front at time t is 
defined as the rightmost site that has been visited by an X particle up to time t, and 
is denoted by rt, with the convention ro := 0. This model can be interpreted as an 
infection process, where the X and Y particles represent ill and healthy individuals 
respectively. It can also be interpreted as a combustion reaction, where the X and Y 
particles correspond to heat units and reactive molecules respectively, modeling the 
combustion of a propellant into a stable stationary state. We will denote this model 
the X + Y ^ 2X front propagation process with jump rates Dx and Dy- Within 
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the physics hterature, a number of studies have been done both numericahy and 
analytically of this process for different values of Dx and Dy and of corresponding 
variants where the infection of a y particle by an X particle at the same site is not 
instantaneous, drawing analogies with continuous space time nonlinear reaction- 
diffusion equations having uniformly traveling wave solutions |T9] , [151 UHl [E] , [23] , 
[1]. A particular well-known example is the F-KPP equation studied by Fisher [10] 
and Kolmogorov, Petrovsky and Piscounov [13j. 

Mathematically not too much is known. For the case Dy = 0, when 
Ylx<o exp(0x)?7(x) < +CXD for a small enough ^ > 0, a law of large numbers with a 
deterministic speed < v < +oo not depending on the initial condition is satisfied 
(see [22] and [3]): 

lim t^^rt = V a.s. (1) 

In [3] it was proved that the fluctuations around this speed satisfy a functional central 
limit theorem and that the marginal law of the particle configuration as seen from 
the front converges to a unique invariant measure as t — > oo. Furthermore, a multi- 
dimensional version of this process on the lattice Z'^, with an initial configuration 
having one X particle at the origin and one Y particle at every other site was 
studied in [22], [1], proving an asymptotic shape theorem as t — > oo for the set of 
visited sites. A similar result was proved by Kesten and Sidoravicius [12j for the case 
Dx = Dy > with a product Poisson initial law. In particular, in dimension d = 1 
they prove a law of large numbers for the front as in ([1]). For the case Dx > Dy > 0, 
even the problem of proving a law of large numbers in dimension d = 1 remains open 
(see [TT]). 

Within a certain class of one-dimensional nonlinear diffusion equations having 
uniformly traveling wave solutions describing the passage from an unstable to a 
stable state, it has been observed that for certain initial conditions the velocity of 
the front at a given time has a rate of relaxation towards its asymptotic value which 
is algebraic (see |8], [19] and physics literature references therein). These are the so 
called pulled fronts, whose speed is determined by a region of the profile linearized 
about the unstable solution. For the F-KPP equation, Bramson [3] proved that 
the speed of the front at a given time is below its asymptotic value and that the 
convergence is algebraic. In general, the slow relaxation is due to a gapless property 
of a linear operator governing the convergence of the centered front profile towards 
the stationary state. A natural question is wether such a behavior can be observed 
in the X + y — > 2X front propagation type processes. Deviations from the law of 
large numbers of a larger size than those given by central limit theorem should shed 
some light on such a question: in particular it would be reasonable to expect a large 
deviations principle with a degenerate rate function, reflecting a slow convergence 
of the particle conflguration as seen from equilibrium towards the unique invariant 
measure |4]. In this paper, we investigate for the case Dy = the large time 
asymptotics of the distribution of rt/t, 
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Our main result is that a full large deviations principle holds, with a degenerate 
rate function on the interval [0,v], when the initial condition satisfies the following 
growth condition: 
Assumption (G). For all > 

ex.p{9x)r]{x) < +oo. (2) 

a:<0 



Theorem 1. Large Deviations Principle There exists a rate function I 
[0,+oo) [0,+oo) such that, for every initial condition satisfying (G), 
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Furthermore, I is identically zero on [0,v], positive, convex and increasing on 
{v, +oo). 

It is interesting to notice that the rate function / is independent of the initial 
conditions within the class (G): the large deviations of the empirical distribution 
function of the process as seen from the front appear to exhibit a uniform behavior 
for such initial conditions. Furthermore, this result seems to be in agreement with 
the phenomenon of slow relaxation of the velocity in the so-called pulled reaction 
diffusion equations. In [8], a nonlinear diffusion equation of the form 

M = + (3) 
is studied where / is a function chosen so that = is an unstable state and the 
equation develops pulled fronts. It is argued that for steep enough initial conditions, 
the velocity relaxes algebraically towards the asymptotic speed, providing an explicit 
expansion up to order OiXjt^). Such a non-exponential decay is explained by the 
fact that the linearization of ([3|) around the uniformly translating front, gives a 
linear equation for the perturbation governed by a gapless Schrodinger operator. 
The position of the front in the X + y — > 2X particle system can be decomposed 
as rt = Jq Lg{r]s)ds + Mj, where L is the generator of the centered dynamics, g is 
an explicit function and Mt is a martingale. The fact that under assumption (G) 
the zero set of the large deviations principle of Theorem 1 is the interval [0, v] is an 
indication that the symmetrization of L is a gapless operator. 

The second result of this paper gives more precise estimates for the probability 
of the slowdown deviations. Let 



U{r]) := lim sup ^ log ( y'??(2/) | , u{r]) := lim inf ^ log ( y^r]{y) 

X— >— CO iog \ X\ \ _ I 3;— > oo log \x\ 
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and 

s{r]) := mm{l,U{rj)). 

For the statement of the following theorem we will write U, u, s instead of 
U{r]),u{r]),s{'n). 

Theorem 2. Slowdown deviations estimates. Let i] be an initial condition 
satisfying (G). Then the following statements are satisfied. 

(a) For all < c < b < V, as t goes to infinity, 



c< - <b 
. ~ t ~ . 



> exp I —t 



(4) 



(b) In the special case where r}{x) > a for all a; < 0, one has that, for every 
<b < V, as t goes to infinity. 



< b 



< exp I —t 



,l/3+o(l) 



(c) When u < +oo, as t goes to infinity, 

exp (^_t^/2+o(i)) <F[rt = 0]< exp (-W^+^d)) 



(5) 



(6) 



One may notice that the slowdown probabilities considered in and in ( [6]) 
exhibit distinct behaviors when u > 1. Furthermore, the results contained in The- 
orems [1] and [2] should be compared with the case of the random walk in random 
environment with positive or zero drift |2H I20j. 

A natural question is whether it is possible to relax assumption (G) in Theorem[TJ 
It appears that even if assumption (G) is but mildly violated, the slowdown behavior 
is not in accordance with that described by Theorem[TJ Moreover, if assumption (G) 
is strongly violated, the law of large numbers with asymptotic velocity v breaks 
down, so that the speedup part of Theorem [1] cannot hold either. 

Theorem 3. The following properties hold: 
(i) Assume there is a 6 > such that 

lim inf r]{x) exp{6x) 



Then there exists b > such that 
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(ii) There exists 9' > and v' > v such that, when 

lim inf r]{x) exp{6'x) = +oo, 

a;— »— oo 

then 



lim inf — > v' 

t— >+oo t 
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It is important to stress that the proof of Theorem [1] would not be much simpU- 
fied if we considered initial conditions with only a finite number of particles. Indeed, 
condition (G) is an assumption which delimits sensible initial data. To prove Theo- 
rem [T] we first establish that for initial conditions consisting only of a single particle 
at the origin, for all 6 > 0, the limit 

lim t"MogP(rt > bt) (7) 

exists. The proof of this fact relies on a soft argument based on the sub-additivity 
property of the hitting times. On the other hand, it is not difficult to show that for 
b large enough the decay of P(rt > bt) is exponentially fast. Nevertheless, showing 
this for b arbitrarily close to but larger than the speed u is a subtler problem. For 
example, it is not clear how the standard sub-additive arguments could help. Our 
main tool to tackle this problem is the regeneration structure of the process defined 
in [3]. To overcome the fact that the regeneration times and positions have only 
polynomial tails, we couple the original process with one where the X particles have 
a small bias to the right, so that they jump to the right with probability 1/2 + e 
for some small e > 0, and the position of the front in the biased process dominates 
that of the front in the original process. We then use the regeneration structure to 
study the biased model and how it relates to the original one as e tends to zero. In 
particular, if is the speed of the biased front, we establish via uniform bounds on 
the moments of the regeneration times and positions that 

lim Ve = V. 

Furthermore, we show that the regeneration times and positions of the biased model 
have exponentially decaying tails. Combining these arguments proves that the limit 
in ([7|) is positive for any b > v. We then establish that this limit exists and has 
the same value for all initial conditions satisfying (G) by exploiting a comparison 
argument. 

To show that the rate function vanishes on [0,v] (and more precisely ([5])), we 
first consider initial conditions having a uniformly bounded number of particles per 
site. In this case it is essentially enough to observe that the probability that the 
front remains at zero up to time t is bounded from below by (l/\/t)*^''^^°'^' , since 
there are at most of the order of random walks that yield a non-negligible 

contribution to this event. Similar estimates on hitting times of random walks 
are used to prove ([6]) and Theorem [3l while more refined arguments are needed 
to establish ^ for arbitrary initial conditions within the class (G). On the other 
hand, the proof of the upper bound for the slowdown probabilities ([5]) in Theorem [2] 
is more involved, and relies on arguments using the sub-additivity property and the 
positive association of the hitting times, together with estimates on their tails and 
their correlations, refining an idea already used in [22] in a similar context. 

The rest of the paper is organized as follows. In Section [21 we give a formal 
definition of the model and introduce its basic structural properties, including sub- 
additivity and monotonicity of hitting times. In Section[3|, we explain how Theorem[T] 
is proved, building on results proved in other sections. Section [4] is devoted to 
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the proof of the fact that speedup large deviations events have exponentially small 
probabilities. Section [5] contains our estimates on slowdown probabilities, with the 
proofs of Theorems [2] and El Several appendices contain proofs that are not included 
in the core of the paper. 

2. Construction and basic properties 
Throughout the sequel we will use the convention inf = +oo. 

2.1. Construction of the process. For our purposes, we have to define on the 
same probability space not only the original model, but also models including ran- 
dom walks with an arbitrary bias defined through a parameter < e < 1/2. 

In the sequel, we assume that we have a reference probability space {Cl,J^,F) 
giving us access to an i.i.d. family of random variables 

[(r„(u,i), Uniu,i)); n > 1, u e Z, 1 < i < a] , 

such that, for all {n,u,i), Tn{u,i) has an exponential(2) distribution, and Un{u,i) 
has the uniform distribution on [0, 1], and Tn{u,i) and Un{u,i) are independent. 
For every n > 1, {x,i) £ Z x {1, . . . , a} and < e < 1/2, we let 

Snix, i, e) := 2(l(C/„(x, i) < 1/2 + e)) - 1. 

Let iyxit)t>o be the continuous-time random walk started at Y^^^ := 0, whose 
sequence of time steps is (t„(x, i))„>i, and whose sequence of space increments is 

{£n{x,i,e))n>0- 

A configuration of particles is a triple w = {F, r, A), where r £ Z, A is a non-empty 
subset of Zx {1, a} such that max{x; (x, i) G ^} < r, and F : A — > {— oo, . . . , r} 
is a map. To every index (x, i) £ A corresponds the position F(x, i) of an X particle, 
and we say that {x, i) is the birthplace of the corresponding particle. We see that 
such a configuration carries more information than just the number of X particles 
at each site, since every X particle is labeled by its birthplace Note that, to 

allow for various types of initial configurations, we do not require that the initial 
configuration of the model satisfies F{x,i) = {x,i). In fact, any distribution of X 
particles on {. . . , — 1, 0} with a finite number of particles at each site can be encoded 
by such a triple w = {F, r, A). 

For w = {F, r, A) and (x, i) G A, we use the notation ■w{x, i) to denote the 
configuration {F',r',A') with r' = r, A' = {(x,i)}, and F'(x,i) = F{x,i). For a 
configuration of particles w = (F, r, A) and g G {1, 2, ...,}, we define a configuration 
w®q = {F', r', A') hy A' := AU {r + 1, . . . ,r + q} X {1, . . . , a}, r' := r + q, F' := F 
on A, and F'{x, i) := x for (x, z) G {r -|- 1, . . . , r -|- g} x {1, . . . , a}. 

The following definitions list special kinds of configurations that are used in the 
sequel. For u G Z and 1 < i < a, let 5u be defined by A := {(n, 1)}, r := u and 
F(u, 1) := u; let a6u be defined by A := {u} x {1, . . . , a}, r := u, F{u, i) := u for 
every 1 < i < a; let T„ be defined by A := {— oo, u} x {1, . . . , a}, r := u, F{x, i) := x 
for every (x, i) G A. 
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For w = {F, r, A) and 9 > 0, we let 

fe{w):= exp(^(F(x,i)-r)). 

(x,i)eA 

and r]w be the map defined on {. . . , r — 1, r} so that rj^ix) is the number of particles 
at site X of the configuration w. Hence 

7],^{x) := #{iy,i) G A; F(y,i) = x}. 

As a consequence, fe{w) = '^^^r'Hwix) e^p{0{x — r)). When r = 0, we define for 
X < 

X 

H^{x):=Y,riu,{y). (8) 

2/=0 

Now, for every > 0, let 

Le := {w = {F,r,A)- fg{w) < +cx)}. 

Observe that X„, 5u and aSu belong to for all u G Z and 9 > 0. 

For w = {F,r,A) and {x,i) G Z x {l,...,a}, let xe{w.,x,i) := G 
j4) exp(6'(-F(x, i) — r)). We equip with the metric dg defined as follows: for 
w = (F, r. A) and u;' = (F', r', ^')> 

(x,i)eZx{l,...,a} 

The metric space {Lg,dg) is a Polish space. We let Vihg) denote the space of 
cadlag functions from [0, +cxd) to hg equipped with the Skorohod topology and the 
corresponding Borel o"— field. 

Now, for every < e < 1/2, and every w = (F,r,A) G Lg, we define a collec- 
tion of random variables {X^{w))t>o = (-P'/l'i^)! '''t (^)i (^))t>o which describes the 
time-evolution of the configuration of particles. In order to alleviate notations, the 
dependence of F/, rf, Af with respect to w will not explicitly mentioned in the sequel 
when there is no ambiguity. Moreover, we shall often not mention the dependence 
with respect to e when e = 0, and for example, use the notation rt instead of . 

The definition is done through the following inductive procedure. Let (Jq := 0, 
Tq := r, Aq := A, and for every t > and (x, i) G Aq, let F/(x, i) := F{x, i) + Y^^ ^. 
Assume that, for some n > 1, we have already defined ctq — • • • — ^n-i^ '"t 
for every <t < ct^_i, and F^{x,i) for every t > and (a;,i) G A^e ^. Let 

cr^ := inf |t > (T^„i; there is an (x, i) G ^ such that F/(x, i) = r^^ ^ + l| , 

Now, for cr^_i < t < a^, let rf := r^e ^, Af := A%^_^^ and let r^e := r^6 ^ + 1 and 
:= ^< U {(r^. 1 < i < a}. Then, for x = r^. , i G {1, . . . ,a}, and t > <, 
let F/(x, := X + y^^j^t-o-f . We shall see that sup„ = +00 a.s. 

From the results in [4], (where only the case e = is treated, but it is immediate to 
adapt them to the present setting), the following results hold. For any < e < 1/2 
and w Ghg, almost surely with respect to P: 
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• for every n > 1, cr^_i < < +00, and there is a unique E such 
that FS (x,i) = rL ; 

• hm„^+oo< = +00; 

• for all t > 0, XI (w) e L^; 

• the map t Xf{w) belongs to Vihg). 

For any < e < 1/2, 61 > 0, and w = iF,r,A) £ Lg, let Qlf denote the 
probability distribution of the random process {XI{w))t>Q, viewed as a random 
element of T>{L,g). Again, as in [3], 

Proposition 1. For any < e < 1/2 and 9 > 0, the family of probability measures 
{QAf)wehe defines a strong Markov process on Lg. 



In the sequel, we use E to denote expectation with respect to P of random variables 
defined on The notation E^^ is used to denote the expectation with respect 

to Qlf of random variables defined on ^'(Lg) equipped with its Borel cr— field. 



2.2. Properties of hitting times. For w = {F,r,A) G Lg, and u > r, we define 
the first time that the front touches site n, given that the initial condition was w, 

T^{u) :=inf{t>0; rt = u}. 

For all u,v £ Z such that u < v, 1 < i < a, and < e < 1/2, let 

{mm '^ 
'^Tk{u,i); u + '^ek{u,i,e) = v, m > 1> . (9) 
k=l k=l ) 

This represents the first time that the random walk born at (n, i) hits site v (assum- 
ing that the walk starts at u at time zero). 

Proposition 2. Let w = {F,r,A) G hg. 

(i) For all u> r and < e < 1/2, F-a.s. 

L-l 

T^(u) = inf ^ A^(2;j,ij,Xj+i), 
i=i 

where the infimum is taken over all finite sequences with L > 2, xi, . . . ,xl £ 
TL and ii, . . . ,iL~i such that xi = F{yi,ii) for some {yi,ii) £ A, r < X2 < 
■ ■ ■ < XL-l < U, XL = U, i2, . . . , IL-I G {1, . . . , a}. 

(ii) For all u > r and < e < 1/2, the following identity holds ¥—a.s. 

(iii) For all r < u < v and < e < 1/2, the following sub-additivity property 
holds ¥—a.s. 

r^(t;) <T;(n) + r^e(^.-r-)W- 

(iv) For any < ei < 62 < 1/2, and all u > r, ¥— almost surely, T^{u) > T^{u). 
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Proof. The proof of (i) is quite similar to that in [22j, and so is the proof that (iii) 
is a consequence of (i). Then (ii) is a simple consequence of (i). As for (iv), this 
is an easy consequence of the characterization in (i) and of the fact that, for every 
(x, i) G Z X {1, . . . , o} and n > 1, en{x, i, ei) < en{x, i, £2). □ 

An immediate consequence of (iv) in the above proposition is the following result. 

Corollary 1. For any w £ Lg, < ei < 62 < 1/2, ¥— almost surely, for all t > 0, 

3. Proof of the large deviations principle for t~^rt 

Proposition 3. There exists a convex function J : (0, +cxd) [0, +cxd) such that, 
for all b £ (0, +cxd), 

lim n"^ logP(rP (n) < bn) = -J{b). 

n-^+oo " 

Proof. For any 6 > 0, and all n > 1, it is easily checked that P(r^^(n) < bn) > 
0. Then let u„(6) := \og¥{T^^{n) < bn). Observe that, by subadditivity (part 
(Hi) of Proposition [2]), T^g{n + m) < T^^^{n) + T']|^0„(?^ + rn). Now, by part (ii) 
of Proposition [2l T^^^^i''^ + — '^s^i^ + "^)' since the infimum characterizing 
r^^^^(n + m) runs over a larger set than the infimum characterizing Tg^ (n + m). As 
a consequence, T^^{n + m) < T^^(n) +T^^(n + m). We deduce that, for all m,n > 1, 
and all 6, c > 0, 

{T^ (n) < bn} n {T^^ {n + m) < cm} C {T^^ (^n + m) < bn + cm}. (10) 

Now, observe that Tg^_^{n) and Tg^{n + m) are independent random variables, 
since their definitions involve disjoint sets of independent random walks. As a con- 
sequence, 

^{{Tsoin) < bn}n{T^^{n + m) < cm}) = F{T^^{n) < bn)F{T^^{n + m) < cm). (11) 

^From the above two relations (jlOp . (jlip . and the fact that, by translation invariance 
of the model, T^^^{m) and T^^{n + m) possess the same distribution, we deduce that, 
for all m,n > 1, and all 6, c > 0, 

: > Un{b) + Um{c). (12) 



n + m 

Applying Inequality ([12]) above with c = 6, we deduce that the sequence {un{b))n>i 
is super-additive. Since ii„(6) < for all n > 1, we deduce from the standard 
subadditive lemma that there exists a non-negative real number J{b) such that 
Un{b) = —J{b). Moreover, by definition, b 1— > Un{b) is non-decreasing, 
and so b J(b) is non-increasing. 

To establish that J is convex, consider 6, c, such that < b < c, t £ (0,1), 
fc > 1, and apply (fT2]) with := Ikt] and m^ := [k{l — t)\. For large enough k, 
^nl+Z!" ^ tb+{l-t)c, SO that Un,+m,itb+{l-t)c) > Un,{b) + Um.ic) . Taking the 
limit as k goes to infinity, we deduce that J{tb + (1 — t)c) < tJ{b) + (1 — t)J{c). 

□ 
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Proposition 4. The function J defined in Proposition [3 is identically zero on 
[v^^,+oo), positive and decreasing on {0,v~^). 

The proof of the above proposition makes use of the following result, which is the 
main result of Section [H 

Proposition 5. For any c> v, 

limsupt"MogP(rJ'(Jo) > ct) < 0. 

Proof Proposition \^ For n > 1, (ii) of Proposition [2] implies that < T^^_^{n) 

P— a.s. In view of the immediate identity {T^{n) < bn} = {r'^^i'^) — ''^i' deduce 
that 

F{Tl{n)<bn)<F{rl{Io)>n). 

^From Proposition [5l we deduce that J is positive on (0,u~^). On the other hand, 
by the law of large numbers ([1]), we see that J must be identically on {v~^ , +oo). 
The function J being convex on (0, +oo), it is also continuous, so that J{v^^) = 0. 
Moreover, as we have already noted, J is non-increasing. These facts imply that J 
is decreasing on (0,v~^). □ 

Let / be defined by 1(6) := bJ{h~'^) for 6 > and /(O) := 0. /,From the previous 
results on J, it is easy to deduce the following. 

Corollary 2. The function I is identically zero on [0,v], positive, increasing and 
convex on {v,+oo). 

Proof. Only the convexity of / is not totally obvious. Note that, since J is convex, 
b ^ J{b^^) is convex on (0, +oo) as the composition of two convex functions. Then, 
since b i— > J{b~^) is also increasing and positive, the convexity of 6 ^ bJ{b~^) on 
(0, +oo) follows easily. 

□ 

Proposition 6. Assume that the initial condition w satisfies r = and (G). Then, 
for all b> 0, 

lim n"MogP(T°(n) < bn) = -J{b), 

n— »+oo 

where J is the function defined in Proposition O 

The proof of the proposition makes use of the following lemma. 
Lemma 1. Let w = (F, r, A) G Lg. For all t > 0, and all 7 > 0, 

P ( sup sup (x, i)>r + -ft] < fg{w) exp [-g~t{6)t] , 

\{x,i)(^AO<s<t J 

where 

g^{9) :=70-2(cosh0-l). 
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Proof. Let G := |sup(2,_j)£^ supo<s<f (x, i) >r + 7t|. For all integers K < 
0, let Gk ■■= [j(x,i)€A;F(x,i)>K{s^Po<s<tF'six,i) > r + jt}. Clearly, Ki < 
K2 implies that Gk2 C G^i, and Ux<o^^ ~ whence P(G) = 

limii-^-oo IP(G'x)- Now observe that, for all the process {Mk,s)s>o defined by 
Mk,s ■= ^{x,i)£A; F{x,i)>K (-^i'(^)'^) -r) - 2(cosh6' - l)s) is a cadlag martin- 

gale. Then note that, for all K, Gk C {supo<^<( Mx,s > exp((7^(6')t}, then apply 
the martingale maximal inequality to deduce that, 

P ( sup Mk,s > exp{g^{e)t)] < ^ exp [d {F{x, i) - r) - g^{e)t] . 

For all K, the r.h.s. of the above inequality is upper bounded by < 
fe{w) exp [—g^{9)t] . The conclusion follows. □ 

Proof of Propositionl^ Consider < b < v^^ , and fix > 0. Choose 7 > large 
enough so that 

g^{d)b > J{b). 

Denote hy w = {F, r, A) the initial condition, and consider the set i?„ := 
{{x,i); F{x,i) < -\jbn]}. Let m„ := Y.(x,i)eB„^^P(^i^i^^^) " TtH)- Now let 
En := inf{s > 0; 3{x,i) G Bn, Fg{x,i) = 0}. We see that H„ < bn implies that 
sup(2. j-jg^^ supo<5<;,„ -^5^(2;, «) > 0. Thanks to Lemma [T] and translation invariance 
of the model, we deduce that 

F{En < bn) <mnex-p{-g^{e)bn). (13) 

^From the fact that w satisfies (G), we obtain that, for all 93 > 0, ?/ < 0, ^{{x,i) G 
A; F{x,i) = y} < f^{w) exp{—ipy). As a consequence, whenever if < 6, we have 
that 

inn < fUw){l - exp(99 - 9))~^ exp{ip\'ybn]). (14) 

Now consider {x,i) G A \ Bn, so that F{x,i) > —[7671,]. By an easy coupling 
argument, we see that, since F{x,i) < 0, 

FiT^^,,,) < bn) < FiTs, < bn). (15) 
Moreover, according to (G), 

#A\Bn<f^{w)eMv>hbn]). (16) 
Now, by (a) of Proposition [2l 

{En > bn} n {T^(n) < 6n} C <^ inf T,^tx,i) <bn\ . 



We deduce from ([13]), ([T4]), ([T5]), ([T6]) and the union bound that 

F{TM < bn) < /^(w;)e^r7H [(1 _ exp((^ - e))"' eM-9^{0)bn) + F{Ts, < bn)] . 

(17) 

Now, according to Proposition [3l 

lim n-^ logF {T^^{n) <bn) = -J{b). 
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Since we have chosen 7 so that g^{6)h > J{b), we deduce from (fTTll that 
limsupn"^logP(r°(n) < bn) < -J{b) + ip-fb. 

Since <^ > is arbitrary, we deduce that 

hmsupn"MogP(r°(n) < bn) < -J{b). (18) 

n— >+oo 

On the other hand, consider a given (x, i) E A. Clearly 

nTw[n) < bn) > P(r^(,,,)(n) < bn). 

Now consider f = inf{s > 0; Fg{x,i) = 0}. Clearly, f is a.s. finite, and, conditional 
upon f, T^(x,i){^) ~ ^ has the (unconditional) distribution of T^^ln). Choosing 
any M such that P({f < M}) > 0, one has that ¥{T^(^x.i){n) < bn) > P({f < 
M})P(r5f, (n) < bn — M). Taking an arbitrary c > we deduce that 

liminf n"^logP(r°(n) < bn) > -J{c). 

n— >+oo 

By continuity of J, we conclude that 

liminf n"MogP(r°(n) < bn) > -J{b). 

n— >+oo 

The above inequality, together with (fT8]) concludes the proof. □ 

Proof of Theorem\^ Consider a non-empty closed subset F C [0, +00), and let 
b := infF. Assume that b < v. We have that mlpl = 0, so the upper bound 
of the LDP for F is always satisfied. Assume now that b > v. One has that 
F{t-^r'^{w) £ F) < Fir'^iw) > \tb]) = F{T^{\tb]) < t). Proposition [6] entails that 
limt^+oo t-^ logP(r°([t6] < t) < -I{b), so that the upper bound of the LDP holds 
for F since / is non-decreasing. 

Consider now an open set G C {v,+oo). For every b € G, there exists 
an interval [b, c) C G. By the large deviations upper bound, we know that 
limsupf^_^_^t~^logF{r^{w) > bt) < —I{b) and that limsupf^_^_^t~^ logF {r^{w) > 
ct) < —I{c). By strict monotonicity of / on {v,+oo), we have that 1(b) < I{c), so 
we can conclude that liminff^+oo logP(&t < r^^w) < ct) > —I{b). As a con- 
sequence, liminff^oo7P(t"V0(u7) e G) > -1(6). Since this holds for an arbitrary 
b €z G, the lower bound of the LDP for G follows. 

Consider now a non-empty open set G C [0, +00) such that G n [0, v] ^ 0. Then 
infc / = 0. On the other hand, there is a non-empty interval of the form [c, b) C 
Gn [0,v]. In Section [5l we prove that, under Assumption (G), 

lim inf logP 



C < 



>{w) 



< b 



0. 



(19) 



Applying Inequality (jl9p . we see that lim inf t ^logP(t ^r^ £ G) = 0, so that the 
lower bound of the LDP holds. □ 



large deviations for a one dimensional model of x + y ^ 2x 13 

4. Speedup probabilities 
The main result in this section is Proposition [5) 

for any b>v, hmsupt^^ logF(rJ'(Jo) > bt) < 0. (20) 

t— >+oo 

For the sake of readabiUty, the reference to the initial condition Iq is often dropped 
in this section, so that rf should be read as r|(Xo)- 

Our strategy for proving Proposition [5] is to exploit the renewal structure already 
used in [JJ to prove the CLT. However, this renewal structure leads to random 
variables (renewal time, and displacement of the front at a renewal time) whose tails 
have polynomial decay (see Appendix[71 and asymptotic exponential bounds such as 
(I20p cannot be derived from such random variables. Whether it is possible to modify 
the definition of the renewal structure so as to obtain random variables enjoying an 
exponential decay of the tails, as required for a direct proof of Proposition [5] is 
unclear and instead we make use of a different idea. Indeed, we apply the renewal 
structure defined in [4] to a perturbation of the original model, one in which the 
random walks have a small bias to the right. Again, a law of large numbers holds: 

Proposition 7. For all small enough e > 0, there exists < < +oo such that 

lim t~^rl = Ve, F — a.s. and in L^(P). 

The interest of introducing a bias to the right is that, reworking the estimates 
of [4] in this context, we can show that for any small value of the bias parameter 
e > 0, exponential decay of the tail of the renewal times holds, so that the following 
result can be proved. 

Proposition 8. There exists eo > such that, for any < e < eo, for any b > v^, 

limsupt"^logP(ri > bt) < 0. 

t— >+oo 

On the other hand, it is shown in Corollary [T] above that, as expected, biasing the 
random walks to the right cannot decrease the position of the front, so that at each 
time t, a comparison holds between the position of the front in the original model 
and in the model with a bias. We deduce that 

Proposition 9. For any < e < 1/2 and t>0, and all x G {1,2, . . .}, 

IP(r° > x) < F{rl > x). 

As a consequence, we can prove that (|20p holds for all b such that there exists an 
< e < eo for which < b. Noting that is a non-decreasing function of e, we see 
that the following result would make our strategy work for all b > v: 

Proposition 10. 

lim Vf = V. (21) 

It is indeed natural to expect such a continuity property to hold, but proving it 
seems to require substantial work. 
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Indeed, write 



r4 



lim t-'E{rt). (22) 

t— + + 00 



V = lim r^E(ri"). 

For fixed t, it is possible (using the dominated convergence theorem) to prove that 

hm E(rn=E(rO). (23) 

Hence, to prove Identity (pTI) . it is enough to prove that 

lim lim t''^E(rf) = lim lim t-^E(rf). 

Our strategy for proving Proposition [10] is based on the observation that, if some 
sort of uniformity with respect to e E [0, eo] is achieved in p2p . then the limits with 
respect to e — > 0+ and to t ^ +oo in ([22]l - (f23]l can be exchanged. Reworking the 
estimates in [3] to obtain uniform upper bounds (with respect to < e < eo) for 
the second moments of the random variables (renewal time, and displacement of the 
front at a renewal time) defined by the renewal structure, we can prove that the 
required uniformity in ()22p holds. 



4.1. Some random variables on T>{L,0). It will be convenient in the sequel to 
work with random variables defined on the canonical space of trajectories T>(L0) 
rather than on (J7, J^, P). We use the "sign in order to make apparent the distinction 
between random variables defined on O and their counterparts, on I?(Le). 

On Dil^g), we define the following random variables. Let w. = {wt)t>o = 
{Ft,ft,At)t>o G 'D{L,g). The random process (rt)t>o is defined through {wt)t>o = 
{Ft, ft, At)t>o- Under the probability measure Qtf the process {Ft, ft, At)t>o has the 
same law as {F^ ,rl, Al)t>Q. 

For all s > 0, let Zs^x,i{w.) := x if {x,i) ^ Ag, and Zs^x,i{w.) = Fs{x,i) otherwise. 
For 2/ E Z, let T{y) := inf{s > 0; = y} if y > fo + 1, and let T{y) := otherwise. 
Let also Gs,x,i{w.) := Zf^^-^^^^^^^. With respect to Q^^, the processes {Gs,x,i)s>o 
form a family independent nearest-neighbor random walks on Z with jump rate 2 
and step distribution (1/2 + e)6+i + (1/2 — e)S-i. 

For z £ Z, and w = {F, r. A) G Lg, define (/>z(w) by 

Mw):= Yl exp{9{F{x,i)-r)), 

(x,i)£An{...,z-l,z}x{l,...,a} 

and for zi < ^2 G Z, let 

^Zl,Z2 

{w):= Yl l{zi + l<F{ X, i) < Z2). 

(x,i)eAn{zi+l,...,Z2}x{l,...,a} 

We use the notation Og to denote the canonical time-shift on 'D(Lg) and the 
notation Wy to denote the truncated space-shift on I'(Le) defined by Wy{F,r, A) = 
{F', r'. A'), with A' = {{x - y, i); {x, i) & A, x > y}, F'{x) := F{x + y), r' := r - y. 
In words, this corresponds to removing all the particles that are born at the left 
of y, and then shifting all birth positions by y. We denote by {J^t )t>o the usual 
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augmentation of the natural filtration on 'D(L,g) with respect to the Markov family 

4.2. An elementary speedup estimate. The following lemma is stated in [3| 
in the case e = 0, and its adaptation to the more general case 0<e<l/2is 
straightforward. 

Lemma 2. Let X{e,9) := 2(cosh6' - 1) + 4esinh 61 + a(l + 2e)exp6l and Cj{e,9) := 
76* - A(e, 6). For all < e < 1/2, w £ Lg, and t > 0, 

Q'Jift-ro > -ft) < (l)fo{w)eM-Cyi(^,0)t). 

4.3. Definition of the renewal structure. We follow the definition of the renewal 
structure in [4J. Consider a parameter 

M:=4(a + 9). (24) 

Let vq := and z^i be the first time one of the random walks {{Gs,rQ,i)s>o] 1 < < «}, 
hits the site rg + l (the random walks {Gs,x,i) are defined in section H?T|) . Next, define 
1^2 as the first time one of the random walks {{Gs,z,i)s>o', ^0 ^ < + 1) 1 ^ ^ ^ a} 
hits the site fo + 2. In general, for k > 2, we define as the first time one of the 
random walks {{Gs,z,i)s>o', V (fo + A; — M) <z<fo + k — 1, l<i< a}, hits the 
site fo + k. For n e N, let 

n n+1 

rt:=ro+n, if ^z^fc<t<^^'fc. 

k=0 k=0 

The following proposition (see Lemma 1 from [3]), shows that the so-called auxiliary 
front rt can be used to estimate the position of the front ff. 

Proposition 11. For every < e < 1/2, 9 > and w £ Lg, the following holds 
Qtf— almost surely: 

for every f > 0, f^ < f^. 

Now, observe that for any w = {F, r. A) such that r x {1, . . . , a} C A and F{r, i) = 
r for all 1 < i < a, with respect to Qw , for each 1 < j < M — 1, the random variables 
ii^i)i>i are a.s. finite, and that the random variables {vMk+j ■ k > 1} are i.i.d. and 
have finite expectation since M > 3. We deduce that a.s. (see also [5]), 

lim rt/t =: a(e) > 0. 

First note that a(e) does not depend on 9 nor on w since the distribution of the 
random walks {Gs,x,i)s>o with respect to Q^'*^ does not. Moreover, a(e) is a non- 
decreasing function of e by an immediate coupling argument. 
Now consider eo < 1/2, > 0, ai, 02 > such that 

{0 < ai < a2 < a(0), 
9-'^{2{cosh9 - 1) -h4eosinh(9) < ai, (25) 
4eo < ai- 

In the sequel, we always assume that < e < eo- 
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Let US define the following random variables on 'D{L,0): 
U{w.) := inf{t > 0; - fo < [02^]}, 

V{w.) := inf{t > 0; maxf^^L+i<z<fQ-i ^t,x,i > [ait\ + fo}, 
W{w.) := m{{t > 0; (pfo-Uwi) > e^(L"itJ-(n-^o))}. 



Note that, for all e, U, V, W are stopping times with respect to {J^^' )t>o, and that 
3y ai 
Let 



e 

they are mutually independent with respect to Q^' 



D := mm{U,V,W). 

Now let p > be such that 

pexp(0) < 1, 

and L such that 

^1/4 > M + 1 and aexp(-Le)(l - exp(-^))-^ < p. (26) 

For X G Z, let 

J^{w.) := m{{j > 1; 0^+(j_i)L(wf ^ ^x+jL-L^/'t,x+jLiwf(^x+jL)) ^ «L^^^^J/2}- 
Let 5o := and Rq := fo. Then define for k > 0, 

Sk+i ■= T{Rk + Jr^L), Dk+i '■= D o 8s^^_^ + Sk+i, Rk+i = rDk+i 

K := m{{k > 1 : Sk < 00, = 00}, 
and define the regeneration time 

K := Sk, 

Note that k is not a stopping time with respect to {Tt'^)t>o- Define G*"'^ , the in- 
formation up to time k, as the smallest cr-algebra containing all sets of the form 
{K<t}nA, Ae t > 0. 

4.4. Properties of the renewal structure. Throughout this section, we assume 
that 6,ai,a2,eo satisfy the assumptions listed in part 14.31 



Proposition 12. The following properties hold: 

(i) There exist < C,L* < +00 not depending on e (hut possibly depending on 
the choice of 0,ai, 02,^0) such that, for L := L* , and all < e < eo, 

E'/^{^)<c, E':;iy\u = +^)<c, 

r/^{ir.f)<C and E^f^((f.)2|C/ = +00) < C. 

(ii) For all < € < €q, there exist < C(e), L(e), t(e) < -|-cxd such that, for 
L:=L{e), 

E5^^exp(t(e)K)) < C{e), EX(exp(t(e)Ac)|C/ = +00) < C(e), 
Ej^'(exp(i(e)f«)) < C(e) and E^f^(exp(i(e)f«)|[/ = +00) < ^(e). 
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Proposition [12] provides the key estimates needed for the proof of the main re- 
sults in this section. Most of the technical work needed to prove it consists in a 
reworking of the estimates in [4], either proving that, for each positive value of the 
bias parameter e, exponential estimates can be obtained instead of the polynomial 
ones derived in [4], or that the polynomial estimates already obtained in [4] can be 
made uniform with respect to < e < eo- The proofs go along the lines of [4], and 
are deferred to Appendix [9l In the sequel, we always assume that either L := L* 
or L := L{e). As a consequence of Proposition [T2] we see that for all < e < eo, 
^Xo^(0 < < +°°) = 1 and Q^5q(0 < k< +oo\U = +oo) = 1. 

As in [4], the following propositions and corollary can be proved. 

Proposition 13. Let < e < eo. If w = Iq or w = a6o, then for any Borel subset 

r ofviu), 

Q^J{wfAw^+t)t>o G m'') = Qfsoi^lU = +oo) QtL' - ^-s- 

Define ki := k and for i > 1, Kj+i := + k o 0^.. Now, for all i > 1, define Q^' 
as the smallest <T-algebra containing all sets of the form {k-i < t^ f\ A, A ^ ^'^^ t ^ 
O.The following general version of Proposition 1131 holds. 

Proposition 14. Let < e < eo and i > 1. If w = Iq and w = a6o then for any 
Borel subset T o/D(Le), 

Q^'(^r., {w.,+t)t>o e r\gf) = Q'J^m = +oo) QtL' - a.s. 

Corollary 3. The following properties hold: 

(i) Under Qj^, ki, K2 — ki, — K2, ■ ■ ■ are independent, and K2 — ki, k-^ — K2, ■ ■ ■ 
are identically distributed with law identical to that of k under Q^fp ("1^ = 
+oo). 

(ii) Under Q^^^, f^,^ , - r^^ , f^g - r^j, • • • are independent, and r^j - , r^g - 
r«;2 ) • • • are identically distributed with law identical to that of r^ under 

We now give the proofs of Propositions [71 [8] and [TOl 

Proof of Proposition^^ First, note that the P— a.s. convergence stated in Proposi- 
tion [7] follows from the integrability of renewal times by a standard argument. To 
prove that the convergence also takes place in L^(P), we note that, from Lemma [2] 
above, it stems that Ej^ (ft) < +oo for all t and that the family of random variables 

{t~^rt)t>i is uniformly integrable with respect to Q^^- The convergence in L^(P) 
then follows from the P— a.s. convergence. 

□ 

Proof of Proposition\^ Fix < e < eo, and let L := L{e). For all t > 0, define 
a[t) := sup{n > 1; ^ t}^ with the convention that sup0 = 0. From Corol- 
lary [3] and Proposition [121 we deduce that, a{t) < +oo a.s. for all i > and that 
limt_>+oo a{t) = +00 a.s. Using the fact that the map t ft is non-decreasing, we 
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have that rt < r^.^^^^^-^. Now observe that, for any < e < eq, any b > v^, and any 
< c < +00, by the union bound, 

Qj'ih > bt) < Q'^^{a{t) > LctJ) +Qj'(r,Lc*j+i ^ ^*)- 

Note that Qj^^{a{t) > [ct\) < Qj^ (K^ctj < t), and observe that, by a standard large 
deviations bound for the i.i.d non-negative sequence (Kj+i— Ki)j>i and Proposition[T2] 
for Ki, whenever c^^ < E''J^{k\U = +cc), hmsupi^+o^ t^Mog Qj^^(KLctj < t) < 

0. On the other hand, writing r^^^.j^^ = r^i + Z^l=*i^\^Ki+i - r^-), and using 
Proposition [121 together with a standard large deviations argument (see e.g. [6]), we 
have that, as soon as b/c > E''J^^{r^\U = +oo), limsup(^+^ t"MogQj^^(rK|^^^j^j > 
bt) < 0. 

Note that we can deduce from the renewal structure that 



(27) 



As a consequence, if 6 > v^, we see that we can choose a c > such that c ^ < 
Kli'^P = +oo) and b/c > Kl{f,\U = +oo). □ 

Lemma 3. There exists < c < +oo such that, for all < e < eo, 

Kli^\U = +00) > c. 

Proof. Use the fact that, by definition, k > T(l), so that E^'J^(k|?7 = +oo) > 

E^f^(f(l)l([/ = +oo)). Now, by coupling, Q'J^iU = +oo) > Q°f^(C/ = +oo) for all 

< e < eo- By coupling again, for ah n > 0, Q^f„(r(l) > u) > Q^^^f (r(l) > n). 

Now, since Q^°^'^^(f (1) > 0) = 1, we can find -u > smaU enough so that Q^^g'^^ {f (!) > 

n) > 1 — {l/2)Q^f^{U = +oo). Putting the previous inequalities together, we see 

that, for ah < e < eo, QII{T{1) > u,U = +oo) > (l/2)Q°f^(C/ = +oo). The 
conclusion follows. □ 

The following proposition contains the uniform convergence estimate that is re- 
quired for the proof of Proposition [TOl Broadly speaking, the idea is to control the 
convergence speed with second moment estimates on the renewal structure, so that 
uniform estimates on these moments yield uniform estimates on the convergence 
speed. 

Proposition 15. For all C > 0, there exists > such that, for all t > t^ and all 
< e < eo, 

v,<E'/^{t-'h)+C. 
Proof. Let < A < 1 be given, and let 



m{t, e) := 



(i-A)t e:'I(^ic/ = + 



oo 
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In the rest of the proof, we write m instead of m(t, e) for the sake of readabihty. 
Note that, in view of Proposition 1121 for all < e < eo, E^'^^(k|C/ = +oo) < C^/^, so 

that m > 1 as soon as t > C^/'^{1 — \)^^, which does not depend on e. 

We now re-use the random variables a{t) defined in the proof of Proposition [8] 
above. Using the fact that t i— > rj is non-decreasing, we see that ft > ^k^^^) • More- 
over, r«,^(,j > f«,„(,)l(a(t) > m), and f«,^(,jl(a(t) > m) > r«,„l(a(t) > m) when 
m > 1. Taking expectations, we deduce that, when m > 1, 

Ej^(t-V,) > r:^yt-'f,J - Ef^{t''f,^lia{t) < m)). (28) 

Consider the first term in the r.h.s. of ()28p above, and observe that 

Kf^if^J = Kf^{f^) + (m - iWjjm = +oo). 

^From Proposition 1121 ^^^^(^k) ^ C^^^ for all < e < eo- Moreover, from Iden- 
tity ([27]), (E''J^^{f^\U = +oo)) (e''J^{k\U = +oo)) ^ = V,. We easily deduce that, 
as t goes to infinity, uniformly with respect to < e < eo, 

Ef,if.J = {l-\)tv, + 0{l). (29) 
Consider now the second term in the r.h.s. of (I28j) . By Schwarz's inequality, 

Ej^(t-V«„l(a(t) < m)) < (eJ^ [it~'f,j']y^\'/,{ait) < mfl\ (30) 
^From Proposition [12] and Corollary [3l it is easily checked that 

< Cm^. (31) 

On the other hand, one has that Qj^(a(t) < m) < Qj^(Km > i)- Z.Fi'om Proposi- 
tion [12] and Corollary [3l the variance of with respect to Qj^ is bounded above 
by Cm, so that we can use the Bienayme-Chebyshev's inequality to prove that, 
whenever t > Ej^^(Km), 

Qj^'(a(i) < m) < (:7m(t - EJ^^k„))-2. (32) 

Now, using Proposition [12] as in the proof of (|29p above, we can easily prove that, 
as t goes to infinity, uniformly with respect to < e < eo, 

E5^'(k„) = (1-A)t + 0(1). 

Putting the above identity together with ([32]) . ([3T|) and ([30]) . we deduce that, as t 
goes to infinity, uniformly with respect to < e < cq, 

< rn)) < Cm^'^Xe + 0(t))-^ 

In view of Lemma [3] we have that m < c~^t for all < e < eo, so we can conclude 
that, uniformly with respect to < e < eo, 

^ lim E'/(t~^f^^l{a{t) < m)) = 0. (33) 



e: 
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Plugging (129]) and (f33|) in ([28]) . we finally deduce that, as t goes to infinity, uni- 
formly with respect to < e < eo, 

Ej'(t-'rt) > (l-AK + o(l). 

The conclusion of the Proposition follows by noting that, since < feg, (1 — X)ve > 

□ 

Lemma 4. For all t > 0, 

£m E5^(fD=Ej^(fO). 

Proof. Consider a given t > 0. By Proposition [17] in Appendix [8l with P probability 
one, we can find a (random) K <0 such that sup{F|o(a;, i); 0<s<t, x<K,l< 
i < a} < 0, so that sup{F|(a;, i); < s < t, x < /C, 1 < i < a} < for all < e < eo- 
As a consequence, for all < e < eo, with probability one, t|(To) = rl{w{K))s>o), 
where w{K) is the configuration defined by ^ = {K, . . . , 0} x {1, . . . , a}, r = and 
F{x, i) = X for all (x, i) G A. 

Since, for every < e < eo, with probability one rl < rl°, we see that the value of 
is entirely determined by the trajectories up to time t of the random walks born 
at sites {x,i) with K < x < r^" . With probability one again, we are dealing with a 
finite number of random walks, and a finite number of steps. We now see that, for 
all e small enough, these trajectories are identical to what they are for e = 0, so that 
= r^. Since < < and is integrable w.r.t. P, we can use the dominated 
convergence theorem to deduce the conclusion. □ 

Proof of Proposition \JU Let C > 0) and, following Proposition [151 consider a such 
that, for all t >t(^ and all < e < eo, 

V, < E'/^it-'h) + C- 

Consider now, thanks to Proposition [Tj at>t(^ such that Kj^ {t~^ft) < v + (. Now, 
thanks to Lemma HI we know that, for all e small enough. 

Putting together the above inequalities, we deduce that, for all e small enough, 
< V + 3C. Since > v, the conclusion follows. 

□ 



Now Proposition [5] follows from Proposition [Sj Proposition [9] and Proposition [TOl 
as explained in the beginning of this section. 

5. Slowdown large deviations 

For X > 1 and t > 0, let {Ct)t>o denote a continuous time simple symmetric 
random walk starting form of total jump rate 2. Let 

Gt{x) := P I sup Cs < ^ ) , Gt{x) := P {(t > x) . 
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In the sequel we will use the fact that for fixed t > 0, Gt{-) is non-decreasing and 
Gt{-) is non-increasing, and that, thanks to the reflection principle, 

l-Gt{x) = 2Gt{x)-P{Ct = x). (34) 

5.1. Proof of Theorem [2] (a) and (c). We start with the proof of Theorem [2] (c). 
The fact that = means that no particle in the initial configuration hits 1 before 
time t. Both the upper and lower bounds can then be understood heuristically as 
follows. Since we consider simple symmetric random walks, for large t, the constraint 
of not hitting 1 before time t has a cost only for particles within a distance of order 
t^l^ of the origin. Now these particles perform independent random walks, and their 
number has an order of magnitude lying between t^ivw)/'^ g^j^j ^(/(r)„)/2_ 

We start with the lower bound. When U = +oo, the inequality holds trivially, 
so we assume in the sequel that U < +oo. The event t~^rt{'w) = 0, implies that 
none of the random walks corresponding to particles in the initial condition w hit 1 
before time t. By independence of the random walks, the corresponding probability 
equals 



llGti-x + l) 



x=0 



Now let 6i > be such that 1 - 2s > exp (-4s) for all < s < 6i. From ([Ml), we 
see that for any t > and y < 0, Gt{—y + 1) > 1 — 2Gt{—y + 1). By the central 
limit theorem, we can find to ^ind K > such that, for all t > to and y < —Kt^^'^, 
Gt{-y + 1) < hi. Let h := \Kt^^^] . Then, for all t > to 



H Gti-x + 1)^»(") > exp -4 J2 Vn,{x)Gt{-x + 1) . 

x=-kt \ x=-kt j 

Now, by definition of Gj, 

— oo 

Y^^^(x)Gt{-x^\) = i?(i:;ror/.(^)i(Ct > -x+i)) 

/-Ct+1 ^ 

E |i(Ct> 1) '?-(^) 

V x=0 / 



E[l(Ci>l)(F^(-Ct + !))]• 



By assumption, Hw{x) < \x\'^~^°^^\ Holder's inequality yields that 

S[l(G>l)(F.„(-Ci + l))]<i''/'+°^'^. 
We deduce that for all t >to 

— oo 

H Gt(x)''»(^) >exp(-t^/2+°(i)). 

x=-kt 

Now, for —kt < y < 0, observe that Gt{—y + 1) > Gt{l)- As a consequence, 

-kt+l 

Yl Gi(-x + l)''-(^) > Gi(l)^»(-'='+^). 

x=0 



(35) 
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But there exists C4 > 0, such that, for large enough t, Gt{l) > C4t Using 
again the fact that H^^{x) < it is easy to deduce that (^^(Ij^-^-^'+i) > 

exp(-t^/2+o(i))^ whence 

-kt+l 

Yl Gti-x + > exp(-t^/2+o(i))_ ^3g) 

x=0 

From ()35p and ()36p . we deduce that 

F{t-^r^{w) < 0) > exp(-f^/2+o(i)^^ 

Now, let us prove the upper bound when u < +00. Using an argument similar to 
the one used in the proof of the lower bound above, we easily obtain that 

F{t-\{w) = 0) < exp i-E [1(0 > 1){HU-Ct + 1))]) • 
It is then easy to deduce that 

and the upper bound follows. 

We now turn to the proof of Theorem[2] (a) . The idea of the proof when s{rj) = 1/2 
is to combine the following two arguments. First, for 6 > 0, it costs nothing to 
prevent all the particles in the initial condition from hitting [bt\ up to time t. 
Intuitively, this result comes from the fact that hitting [bt\ before time t has an 
exponential cost for any particle in the initial condition within distance 0{t) of the 
origin, and, due to (G), there is a subexponentially large number of such particles. 

Second, in the worst case where all the particles attached to sites 1 < x < bt are 
turned into X particles instantaneously at time zero, the cost of preventing all these 
particles from hitting bt up to time t is of order exp(— due to the lower 
bound in Q proved above. The actual proof is in fact more complex since we want 
to consider probabilities of the form P(ct < < bt), and not only P(rt < bt), and 
deal also with the case s{r]) < 1/2. 

We state two lemmas before giving the proof. 

Lemma 5. Consider an initial condition w = {F,0,A) satisfying assumption (G). 
Then, for all b > 0, and all if > 0, 



max sup Fs{x,i) > bt 

{x,i)£Ao<s<t 



< f^iw)exp [t(cosh(299) - 1)] Gt{[bt\) 



1/2 



Proof. The probability we are looking at is the probability that at least one of the 
random walks corresponding to particles in w exceeds bt before time t. By the union 
bound, this probability is smaller than 



J2vM{l-Gt{-x+[bt\)) <Y,^r],Ux)Gt{-x+[bt\)). 



x=0 



x=0 
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Now observe that by definition of Gt , 

— OO /— CX) \ 

^Vwix)Gt{-x + lbt\) = EiY,Vw{x)l{Ct>-x+lbt\)] 



x=Q 



\x=0 



E 



-C.t + \bt\ 
x=0 



E[iiCt> m)iHu-ct + m))] 



^From assumption (G), we deduce tliat, for all ip > 0, Hw{x) < fip{w)exp{—ipx) 
for all X < 0. As a consequence, when Q > L^^J j Hw{—C,t + L^^J) ^ Hw{—(t) < 
fip{w) exp{(p(t)- Applying Schwarz's inequality, we see that 

E[l{Ct > [bt\){HU-Ct+m))]<F{Ct > m f^Uiw)E[exp{2^Ct)]'^\ 
Now note that E [exp{2ipCt)] = exp[2(cosh(2(/7) - l)t]. □ 

Lemma 6. Consider an initial condition w = {F,0,A) satisfying assumption (G). 
Then, for all if > 



E 



^ exp(v9(Fj(x,i) -rt)) 

{x,i)eAt 



< exp[2(cosh(v?) - l)t]f^{w) + aE(rt) 



Proof. Write J2{x,i)eAt = E(x,i)eA + E(x,i)eAAA- For G A, observe that 

exp {ip{Ft{x,i) — rt)) < exp {ipFt{x,i)) and that E,[e'x.p{(pFt{x,i))] = exp[ipx + 
2(cosh((^) — l)t]. As a consequence, 

exp((^(Ft(x,i) -n)) < exp[2(cosh((^) - (37) 

_{x,i)eA 

On the other hand, observe that At\A = {1, . . . , r^} x {1, . . . , a}. Since it is always 
true that Ft{x,i) < rt, 

exp {(p{Ft{x, i) - rt)) < art. (38) 

{x,i)(^At\A 

The result follows from putting together ([37j) and ([38]) . □ 



Proof of Theorem{^ Let a,6 £ (0, 1) be such that c < v{l — a) < b, c < (1 — a)(l — 
6)v < (1 — a)(l + 6)v < b, and define 7 := 6 — (1 — a)(l + 5)v. For each t > 0, define 
the events 



Bt :-- 
Ct :-- 

Dt :-- 



{v{l - a)(l - 5)t < r^^_^)t < v{l - q)(1 + 6)t} , 

Fs{x,i) < +7t| , 



max 

, t(l—a)<s<t 



max X + Yx^i^s < 

»'(i_Q)t<a;<W, l<j<a, 0<s<Q!i ' ' 



Observe that 
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BtnCtnDtC {ct<rt<bt}. (39) 

Indeed, thanks to the choice of 5, Bt imphes that r(^l_^•^^ > ct, so that > ct. On 
the other hand, since r(i_cf)4 < bt on Bt, the event Bt H {rt > bt} imphes that either 
a particle born before time t(l — a) at a position x < rj^^-a), or a particle born 
between time (1 — a)t and t at a position < x < bt, exceeds bt at a time 

between t{l — a) and t. The former possibility is ruled out by Bt Ci Ct, since on 
BtCiCt, rt < ?^(i_o)t + 7t < ^t- The latter possibility is ruled out by Dt. Now define 

l{t) := exp[2(cosh(99) - 1)(1 - a)t]f^{w) + aE(r(i_„)J, 

and 

Ht -= I ^ exp - r(i_^)j)) < 2l{t) \ . 

[_{x,j)eA(i_„)t J 

By Lemma [6] and Markov's inequality, for all t>0, ¥ (Ht) > 1/2. Moreover, by the 
law of large numbers ([1]), limt^+oo F(-Bt) = 1- We deduce that there exists a to such 
that, for all t > to, F{Bt H Ht) > 1/4. Let us call Tt the cr— algebra generated by 
the history of the particle system up to time t. Observe that Bt and Ht belong to 
^{i-a)tj ^-iid by Lemma O on Ht, 

nC^\J'ii-a)t) < 2/(t)exp [at(cosh(2(^) - 1)] G^ti[7t\)'/^ ■ 
We deduce that 

¥{Bt nHtn Cf) < 2l{t) exp [at(cosh(2(^) - 1)] Gat{bt\)^/^. (40) 

Moreover, 

F(A|^(l-a)t) > nratilo) = 0), 

so that 

F{Bt nHtn Dt) > (l/4)P(r„t(To) = 0) > exp(-ti/2+°(i)), (41) 

where the last inequality is due to the lower bound in ([B]). By standard large de- 
viations bounds for the simple random walk, there exists C(a,7) > depending 
only on 7 and a such that, as t goes to infinity, liminfj^+oo^~^ logGQ,j([7tJ) = 
— C(a,7)- Furthermore, limt^+00 log(2/(t) exp [at(cosh(2(^) — 1)]) = £^{a,ip), 
where £,{a,ip) := a(cosh(299) — 1) + 2(cosh((^) — 1)(1 — a). We see that, choos- 
ing ip small enough, ^{a,(p) < C{a,^)/2. For such a ip, (jiOl) and (jlTI) show that 
F{BtnHtnC^) = o{F{BtnHtnDt)), so that F{BtnHtnDtnCt) > exp(-ti/2+°(i)). 
It then follows from ([39]) that ¥{ct < n < bt) > exp(-tV2+o{i)^^ ^^^^ ^^j^g 

when s{r]) = 1/2. 
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Now, let us choose an (x, i) £ A for the initial condition w 
also T = inf{s > 0; Fs{x,i) = 0}. Let 



(F,0,A). Define 



Kt 
Lt 

Mt 



{(1 - (1 - a)(l + 5))t < r < (1 - (1 - a)(l - 5))t], 

{ct < r(i_a)(i_5)t+^(u;(x,f)) < r(i„cf)(i+5)t+r(w^(2;,«)) < bt}, 

{ct < r(i_„)(i_5)j((5o) < r-(i_„)(i+5)t((^o) < bt}, 

{ for all {y,j) G A \ {{x,i)} and all < s < Fs{y,j) < 0}. 



Observe that, on Mt, rt{w) 
ht}. As a consequence. 



rt{w{x,i)). Moreover, Kt H Lt C {ct < rt{w{x,i)) < 



Mt n n Lt C {ct < rt{w) < bt}. 



(42) 



But according to the lower bound of Theorem [2] (b) , P(Mt) > exp(-t^(''"')/2+o(i)^)^ 
On the other hand, conditional upon r, rs^T-iw{x,i)) has the (unconditional) distri- 
bution of TsiSo), for all s > 0. As a consequence, ¥{Kt D Lt) = ¥{Kt)F{L[), and, by 
the law of large numbers ([1]), limt^+oo ^(L't) = 1- Moreover, it is easily seen from el- 
ementary estimates on hitting times by a simple symmetric continuous time random 
walk that hminft^+oo t"^/^P(ift) > 0. Finally, Mt being defined in terms of random 
walks that do not enter the definition of Kt and Lt, we deduce that Mt is indepen- 
dent from Kt n Lt. We finally deduce that P(Mt nKtH Lt) > exp(-t^(''»)/2+«(i)), 
and the result follows from (j42p . 

□ 



5.2. Proof of Theorem [3l As for the upper bound in ([6]), we easily obtain that 

¥{t-^rt{w) < 6t) <exp(-i?[l(Ct > \bt])H^i-Ct + M)]) . 
It is easily checked that, for small enough 6 > 0, 

hminf logi^ [l(Ct > [6*1) exp (0(Ct - M ))] > 0. (43) 

This proves (i). We now prove (ii). Again, it is easily checked that, for all 6 > 0, 
there exists 6 > such that (|43p holds. Choosing b > v, the result follows. 

5.3. Proof of Theorem [2] (b). Note that by coupling, it is enough to prove the 
result with an initial condition consisting of exactly a particles per site x < 0, that 
is, with w = Iq. Hence, we will establish that for all < 6 < u , and all a > 0, 

lim inf (log t) 

Using the fact that F{T^^{[bt\) > t) < P(rt°(Xo) < bt) < F{T^^^{\bt]) > t), it is easy 
to see that (l5|) is equivalent to the following result. 

Proposition 16. For every c > v^^ , as n goes to infinity, 

P(T|„(n) > cn) < exp . 



logP 






t 



> 1/3. 



26 



JEAN BERARDi AND ALEJANDRO RAMIREZ^'^ 



Our strategy for proving Proposition [16] can be sketched as fohows. By subadditivity, 
for ah m > 1 

[n/mJ 
j=0 

so that 

/[n/mJ \ 

P(r°^ (n) > cn) < P ( r|^^ (m(j + 1)) > (mc) \n/m\ 1 . (44) 

Now, by translation invariance, for all j > 0, Tj .{m{j + 1)) and Tj^^(m) have the 
same distribution, and it can be shown that 

lim m"^E(r5 (m)) = z;-^ 

Hence, given c > we can always find m > 1 such that mc > E(rj^(m)), so 
that the r.h.s. of ()44p is the probability of a large deviation above the mean for 
the sum Yl\=o^^ '^i^^i^U + !))• We then seek to apply large deviations bounds 
for i.i.d. variables in order to estimate this probability. Of course, the random 
variables ^Tj^,{m{j + 1))| are not independent, but the dependency between 

< Tj {m{j + 1)) > and < TS {m{j + 1)) > is weak when j2 — j'l is large. 

Indeed, for given j, Tj Xm{j + 1)) mostly depends on the behavior of the ran- 
dom walks born at sites close to mj. We implement this idea by using a tech- 
nique already exploited in [22| in a similar context. Given £ > 1, we define 

a family ^Tj .(m(j -|-1))| of hitting times as follows: Tj .{m{j + 1)) uses 

the same random walks as Tj .{m{j + 1)) for particles born at sites {x,i) with 
mj — m£ < X < m(j + 1), but uses fresh independent random walks for parti- 
cles born at sites {x, i) with x < mj — m£. We can then prove that the following 
properties hold: 

(a) For all j > 0, the family |Tj ^ +P"T'(^ + 1) + m)| is i.i.d.; 

(b) when £ is large, the probability that Tj .{m{j + 1)) = Tj .{m{j + 1)) is 
close to 1. 



We can thus obtain estimates on the r.h.s. of (I44jl by estimating separately the 
probability that Tj .{m{j + 1)) = Tj .{m{j + 1)) for all < j < [m/nj, and the 

probability that Yl\=o^^ '^imj ("^(-^ + -'-)) — ("^-c) [n/m\ . Now, thanks to property (a) 
above, this last sum can be split evenly into £+1 subsums of i.i.d. random variables 
distributed as Tj^{m). Controlling the tail of Tj^(m) then allows us to apply large 
deviation bounds for i.i.d. variables separately to each of these subsums. In fact, 
the proof of dS]) is a bit more subtle, since it also makes use of a positive association 
property, but we do not go into the details here (see Remark [3] below). 
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5.4. Proof of Proposition I16L Observe that, since for all n G Z and A; > 0, 

Tu®k = lu+k, the subadditivity property (part {in)) of Proposition [2] reads as: 

for all n, m > 0, T^^ (n + m) < T^^ (n) + T^^ (m) . 
Now, let c > v^^. Thanks to subadditivity, for all m > 1 we have that 

([n/mj 
Yl T^^,{m{j + l))>cn 
j=o 

In Steps 1 and 2 below, m and i denote fixed positive integers, while a denotes 
a fixed real number < a < 1. For the sake of readability, the dependence with 
respect to these numbers is usually not mentioned explicitly in the notations. Only 
in Step 3 have the values of m, £ and a to be specified. 

5.4.1. Step 1: Comparison with a sum of i.i.d. random variables. Assume that the 
probability space ($7,^, P) is such that we have access to an i.i.d. family of random 
variables 

(r^(u,i),C/^(n,i)); j > 0, A; > 1, u G Z, 1 < i < a , 
independent from 

[{Tk{u,i), Uk{u,i)); k >1, u £ Z, 1 < i < a] , 

and such that, for all {j,k,u,i), T^{u,i) has an exponential(2) distribution, Ul{u,i) 
has the uniform distribution on (0, 1), and T^{u,i) and Ul{u,i) are independent. 
Let 

ei{x,i) :=2(l(C/^(x,i)<l/2))-l. 
Now, for all £ > 1 and j E Z, define, for all u, w G Z such that u < v, and 1 < i < a, 

( m m ^ 

Mj{u,i,v) := inf < ^T^(u,i); n + = v, m> l> , 



.fc=i k=i 



and let 



^ , ^ f Mj{u, i, f) if n < mj — mi 

^ '' ' ' y A^{u,i,v) if u > mj — m£ ' 

where A" is defined in display ([9]) in Section [2l Then let 

L-l 

T'l^ji^ij + 1)) := inf X^'^J^^f'^S'^s+i)' 

9=1 

where the infimum is taken over all finite sequences with L > 2, G Z 

and ii, . . . ,iL-i such that xi < mj, mj < X2 < • • • < xl-i < m{j + 1), xl = 
m{j + 1), ii,i2, . . . ,iL-i G {1, . . . ,a}. Clearly, T' {m{j + 1)) and {m{j + 1)) 

III J lib J 

have the same distribution. Moreover, we have the following lemma, whose proof is 
immediate. 
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Lemma 7. For every j G Z, the family of random variables 
(Tx^j+pm{e+i)i^j + P^i^ + 1) + 

is i.i.d. 

We now study the event < Tj + 1)) = Tj + !))>. To this end, let 

L-l L~l 
Jj := mf'^Cj{xg,ig,Xg+i), Kj := mf'^A°j{xg,ig,Xg+i), 
3=1 g=i 
where m both cases the infimum is taken over all finite sequences with L > 2, 
xi, . . . ,xl G Z and ii, . . . ,iL-i such that xi < mj — mi, mj < X2 < • • • < xl-i < 
m{j + 1), XL = m{j + 1), ii,i2, ■ ■ ■ ,iL-i G {1, • • • , a}. Let also 

L-l 

9=1 

where the infimum is taken over all finite sequences with L > 2, xi, . . . , G Z and 
ii, . . . , ii-i such that mj — ml < xi < mj, mj < X2 < ■ ■ ■ < xl-i < m{j + 1), xl = 
m{j + 1), ii,i2, . . .,iL-i e {1, . . . ,a}. 

Observe that, Tj .(m(j + 1)) = min(Jj,Lj) and that Tj ,{m{j + 1)) = 
min^Kj, Lj). As a consequence, 

{min(J„i^,) > L,} C {Tj^^imij + 1)) = T^JmU + 1))} . 

For a > 0, we now define 

D{j) := {mm{J,,K,) <a{mef}, 

and 

F{j) := {L, > a{mef}, 

so that 

n DUr C {Tj^^imU + 1)) = rt,(m(j + 1))} . (45) 

Lemma 8. There exist Ai(a) and A2 > 0, not depending on m,i,a, such that 
IPp(i)) < 4aaimifG^^^(,)2{mi)) + Ai(a)exp {-X2a{mif) =: A. 

Proof of Lemma\^ Consider the random walks born at sites for x < mj — 

a{mtf'. By Lemma [1] choosing 7 = 1 and > small enough so that g'y{0) > 0, we 
obtain the existence of Ai(o) > and A2 > such that the probability that any of 
the walks born at a site (x, i) with x < mj — a{mi)'^ hits mj before time a{mi)'^ 
is < Ai(a) exp (^— X2a{mi)'^^ . On the other hand, for mj — a{mi)'^ < x < mj — m£, 
the probability that a walk started at x hits mj before time a{m£)'^ is less than the 
corresponding probability for the walk started at mj — mi, that is, 1 — Ga(jy^£y2 (mi). 
In turn, this probability is less than 2^0,(^^)2 (rn-£). A union bound over all the 
corresponding events yields the result. 

□ 
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Lemma 9. There exist Vi (m) , V2 (T?^) > 0, not depending on i,a, such that for all 
j, 

P(i^O')) < Fi(m)exp (^-V2{m)a^/^ej . 

Proof. By translation invariance, we can assume that j = 0. Let t = a{mt)^. Since 
F{Q) implies that no random walk born at a site —ml + l < x < hits 1 before time 
a{mif, one has that P(F(0)) = n-mf+i<a;<o " ^T- Since < a < 1, we see 
that < so tj^at P(F(0)) < n-Lii/2j+i<a;<o^t(l - ^T- Using monotonicity 
of Gt, we deduce that P(F(0)) < Gt([iV2j . 

By the central limit theorem, limj^+oo Gt (L^^^^J) > 0) so that, since Gt < 1 — Gt, 
lim sup(^_,_(^ Gt ([^''^''^J) < 1- As a consequence, we can find p > 0, and to >0 such 
that, for all t > to, Gt {[t^^^]) < 1 - p. For t > to, we deduce that P{F{0)) < 
(1 — /3)"L*^'^^J. For t < to, we see that we can find a large enough Vi such that 
P{F{0)) < 1/1(1 - p)"L*''''J, using only the trivial bound P(F(0)) < 1. 

n 

Lemma 10. For all t > 0, the events jZ^l^lo™^ ?x^^. (m(j + 1)) > cn| and 
U}='o"^ _D(j) are negatively associated. 
Proof. For an integer K > 1, let 



A^{u, i, V, K) := inf < Tk{u, i); u + £k{u, i,e) = v, 1 < m < K > 
[k=l k=l ) 

Similarly, let 

( m m '\ 

{u,i,v,K) := inf < ^r^(u, z); u + '^ei{u,i) =v,l<m<K>, 



and let 



.fe=i fe=i 



^ / • _ j ^jiu,i,v, K) if < mj — mi 

<Lj{u,t,v,K) :- -l^ AO (n, z, if) if ti>mi-m^ ' 

Now let 

L-l 

T^{u, K) := inf ^ K''{xj,ij,Xj+x,K) 
i=i 

where the infimum is taken over all finite sequences with L > 2, xi,...,xl G ^ and 
ii,. ■ ■ , «L-i such that {xi,ii) & A, xi > —K, r < X2 < ■ ■ ■ < xl-i < u, xl = u, 
i2, ■ ■ -,11-1 G {1, • • • ,a}. 
Similarly, let 

L-l L-l 

Jj^K •■= mi^Cj{Xg,ig,Xg+l,K), Kj^K •■= inf (Xg , , Xg+l , K) , 

9=1 3=1 

where in both cases the infimum is taken over all finite sequences with L > 2, 
xi, . . . ,xl € Z and ii, . . . , zl-i such that —K < xi < mj — mi, mj < X2 < • • • < 
XL-i < m{j + 1), XL = m{j + 1), ^l,^2,• • • ,iL-i € {1, ■ ■ ■,a}. 
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Observe that P— almost surely, for all u < v, the sequence {T2^{v, K))k>i is 
ultimately stationary, and that its limiting value is Tj^(t;). Similarly, P— almost 
surely, the sequences {Jj^K)K>i and {Kj^K)K>i are ultimately stationary, and their 
respective limits are Jj and Kj. 

Then let Sg,K := Ep=o T^pm{e+i)(pM^ + 1) + m, K) and 

Dij,K) := {mmiJ,,K,Kj,K) < aimif} . 



Now let 51 := 1 (Sg > t), 52 := 1 (Up=o + , and gi^K := 1 {Sq,K > t) and 

g2,K :=1(U^=0^(P(^+1)>^))- 

Note that ((7i,_ft-)_ft->i is a bounded sequence of random variables that is P— a.s. 
ultimately stationary and converging to gi as K goes to infinity. The same holds for 
{92,k)k>i and 52- Now, for every K, gi^x and g2,K are functions of a finite number 
of the random variables {Un{x,i),Un{x,i),T^ {x,i),T{x,i); n > 1, x £ 1 < i < a). 
Moreover, it is easy to check from the definitions that, with respect to these random 
variables, gi^x is non-increasing, while g2^K is non-decreasing. Since these random 
variables are independent, we deduce that ^{—gi,K92,K) > ^i—9i,K)^ig2,K) (see 
e.g. [9]). Taking the limit as ^ +00, and using the dominated convergence 
theorem, we obtain the result. 

□ 

Now consider the following inclusion. 

[n/mj "I 

E T^^,imij + l))>cn\QXUYUZ, (46) 



where 



j=0 



[n /m] I [n /mJ 

^ ■■={J2 Tl,Mi + i))>cnin U D{j), 

j=0 J j=0 

[n I m\ I [n/ m\ 

^ ■=\ E + n (^(jTnF(jr), 

i=o I j=o 



[n/mJ 

U ^(J')- 

i=o 



Let 



/[n/mJ \ 

/(n,c) ^= ^ I E + 1)) ^ I • 

Then /(n,c) < P(X) P(y) + P(Z). Now, according to Lemmas [lOl E] we see that 

^{X) < f{n,c) X ([n/mJ + 1)A. 
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^From ([15]) . we see that 

([n/mJ 
j=0 

^From Lemma [U we see that, 

IP(^) < {[n/m\ + l)yi(m)exp (^-V2{m)a^/'^£^ . 
This leads to the followmg bound. 

([n/mJ \ 
E Tj .{m{j + 1)) > cn +{[n/m\+l)Vi{m) exp (-V2{m)Q^''^m(. 
.=0 '"^ / 

(47) 

where 5{n) := 1 — ([n/mJ + 1)A. 

Using the independence properties of the random variables T-j-^,(m{j + 1)) 
(Lemma [7]), and the union bound, we see that the following inequality holds 

'[n/mJ \ 

E T^r^M^ + l))>cn\<ii + {[cnii + +oo)) , 



[m] 



where denotes the distribution of the sum of k independent copies of Tj^^ 
and where k{n) := 1 + L^^^^T^J • 

5.4.2. Step 2: Large deviations estimates for i.i.d. random variables. We start with 
a general bound on the tail of ^^(0, m). 

Lemma 11. There exist Am, > such that, for all w = {F, 0, A) and t >0 
P(TO(0,m) >t)< Amexp (-c^i?^(- [t^Sj )^ . 



Proof. Observe that the event T^{m) > t implies that none of the random walks born 
at sites F{x,i), (x,i) G A has hit m before time t. As a consequence, P(T^(m) > 

t) < nio^ ^ G'f(-x+m)''"'(^). Using monotonicity of Gt, we deduce that P(r°(m) > 
t) < Gt{m + [t^/^J )^i"(^L*^''^J), Re-using the notations of the proof of LemmalU we 
see that, for all t > to, P(T°(m) > t) < (l-p)^"(-L*'^'J). Now, for t < to, we can find 
Am such that, using only the trivial bounds Hy,{- [t^/^J ) > and P(r°(m) > t) < 1, 
P(r°(m) >t)< Am{l - p)^^»(-L*'^'J) for ah < t < to. □ 

Remark 1. The lower bound ^ shows that the upper bound of Lemma \11\ yields 
the right order of magnitude for the tail ofTu,{m), at least when U{r]w) < 2. 

The probabilities of large deviations for are described by the following lemma, 
whose proof is deferred to Appendix [D 
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Lemma 12. Let (i?j)j>i be a sequence ofi.i.d. non-negative random variables with 
common distribution /x. Let M := J xdfj,{x). Assume that there exist A,c> such 
that for every x > 

/i([x,+cx))) < Aexp . (48) 

Then M < +oo and for all f > M , there exists h{f) > and n{f) such that if 
n > n{f) 

P {n-\Ri + . . . + > /) < exp (-/i(/)ni/2) . 

5.4.3. Step 3: Conclusion. Lemma [12] above can be applied to probabilities of large 
deviations of the form {\bk,+oo)), where b > K{Tig{m)), and our goal is to 

control probabilities of the form S^m^^"'' ([cn(^ + 1)^-*^, +oo)) . It is easily checked 
that 

cn{£ + 1)-^ > k{n)cm (l + ^:^^^y\ (49) 

Now observe that Kingman's subadditive ergodic theorem (see e.g. |14] ) can be 
applied to the sequence of random variables (T'-j^(i'))u<^. Indeed, these variables 
are non-negative, integrable (Lemma [TT]) . and satisfy the required distributional 
translation invariance properties. We deduce that 

lim m~^E{TjJm)) = y-'^ . (50) 

As a consequence, for all c > v^^ , we can find m > 1 large enough so that 

cm > E,{Tjg{m)). 

In the sequel, we assume that m is chosen such that this inequality holds. Now let 
us choose i := £n = n^/^. Taking into account Lemmas II H \T2\ and ()49p . we see 
that, as n goes to infinity, there exists a constant hi > such that 

d^'^''^ {[cn{en + ir\ +oo)) = O (exp(-/iini/3)^ _ (5^) 

Now, for < C < 1/2, let us choose = n"'^, and consider Inequality (H7|) . 

With our definitions, al/'^{min) = mn^l'^^^l'^ while mln = mn^^^ . As a consequence, 
a moderate deviations bound for the simple random walk (see e.g. |6]) yields that 
Ga^(^^^^y{min + 1) = O (exp(— /i2n^)) for some constant /12 > 0, whence the fact 
that 6{n) = 1 + o(l). Using (iST]) . we see that Inequality (147|) entails that, for large 
n, 

/(n,c)<0(exp(-/i3ni/3-C/2)). 

Since C, can be taken arbitrarily small, the conclusion of Proposition [16] follows. 

Remark 2. In view of ^ and we see that our upper and lower bounds on slow- 
down probabilities do not match. One may wonder whether it is possible to improve 
upon either of these bounds so as to find the exact order of magnitude of slowdown 
large deviations probabilities. What we can prove (the details are not given here) 
is that the exp (^—n^/^+°W'^ bound in Proposition 1 1 6\ gives the best order of mag- 
nitude that can be reached by following our proof strategy based on subadditivity. 
Indeed, despite the fact that each T2^,{m{j + 1)) has a tail decaying roughly as 
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exp {—t^^"^^ , SO that the probabilities of large deviations above the mean would be of 
order exp (— n~^/^) if these random variables were independent, the positive depen- 
dence between these variables makes such large deviations much more likely, with 
probabilities of order exp (— n^/'^) . 

Remark 3. One may wonder whether the use of association (see Lemma\TD^ is really 
needed in the proof. Indeed, a simpler approach would be to bound the probability 
of the event X in ( f^^ above by P ( Ui'='o"^ -^(j) ) • By properly choosing an and 



we could make this probability of the order 0/ exp (— n^/^^"*^^)) , compared to 
the exp (— /i2n~'') obtained in the proof of Proposition However, such a choice 
interferes with the other bounds used in the proof, (making an smaller increases the 
probability of F{j). The best order of magnitude we could obtain with that simpler 
method is exp (— n^/''^"^^)) . 

6. Appendix: large deviations of i.i.d. random variables with 

exp(-t^/^) tails 

Neither the result stated in Lemma [12] nor the idea of its proof are new, but we 
failed in finding a reference providing both a statement suited to our purposes and 
a short proof, so we chose to give a detailed exposition. 

We refer to the paper [I8j for a review of results concerning large deviations of 
random variables with sub exponential tails, and to Theorem 4.1 in [2] for an example 
of a result from which Lemma [12] may be derived. See also the recent preprint [7]. 

Proof of LemmaUM Let A and c be as in the statement of the lemma. And let G 
be defined by G{x) := /i([x,+oo)). 

Let An be the following event: An := ni<i<n{-^« — union bound, 

-P(^n) < n^([n,+oo)), so that, by Assumption (HH]) above and Lemma [13] below, 

P{Al) = O [nexp (-(c/2)ni/2^] . (52) 

We now apply the Cramer bound for i.i.d. random variables possessing finite 
exponential moments (see e.g. [6]) to the i.i.d. bounded random variables Ri^n 
defined by Ri^n ■= min (Ri, n) . For every A > 0, the following inequality holds. 

P {n~\Ri,n + ■■■ + Rn,n) > f) < exp [-n\f] [Sexp {\Ri,nT ■ (53) 

Let An := (c/3)n~-^/^ and Kn := n^/*^. By definition £' exp (A„i?i^„) = 
exp(Anx)d/i(x) + exp(A„n)//([n, +cxd)). Let us split the above integral into 

/[On) ~ I[OK I[K n)' ^ ^^^^ number a > 0. Since XnKn goes to zero as 
n goes to infinity, we have, for all large enough n (depending on a), an inequality of 
the following form: for every x S [0,K„), exp(A„x) < 1 + (1 + a)A„x. Taking the 
integral in this inequality, we obtain that, for all large enough n, 

/ exp(A„j;)d/i(j;) < /i([0,/sr„)) + (1 + a)A„ / xd^x{x). 
Jlo,K„) J[o,K„) 
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Since a is arbitrary in the above argument, we see that 

/ exp(A„j;)(i/i(x) < /i([0, Kn)) + (1 + o(l))A„ / xd^i^x). (54) 

By definition, M = /[q ^ ^xdiiix) + xdfj,{x) . Integration by parts 

yields that J[k„, +oo) ^dfi{x) = - [xG{x)]j^'^ + I[K„,+oo)^(^)dx. Assumption (08]) 
above says that G{x) < Aexp{—cx^^'^). As a consequence, — [xG(x)]^'j^ < 
AKn exp ^— cKy^^ . Moreover, Lemma [13] yields that G{x)dx = 

0[exp(-(c/2)i^y')". 

^utting the above estimates together, and using the definitions of A„ and 
Kni the above estimates clearly imply that x(i/i(x) = o(An). Similarly, 

/x([K„, +oo)) = o(An). As a consequence. Inequality (fM]) above yields that 

/ exp(A„x)(i^(x) < 1 + (1 + o(l))MA„. 

We now study /j^^^exp(A„a;)(i^(j;). Integration by parts says that 
/j^^ exp(A„x)d/i(x) = - [exp (A„x) G(x)]'^^ + /^^ A„ exp (A„x) G(x)(ia;. Observe 

that, with our definitions of An and K^, for every < x < n, A„x < (c/3)x^/-^. 
As a consequence, exp (A„x) G(x) < j4 exp (— (2c/3)x^/^) . This estimate, together 
with Lemma p^ . yields that, as n goes to infinity, exp (A„x) G(x)dx = o(l). 
Similarly, [exp (A„x) G(x)]^^ = o(A„). As a consequence, as n goes to infinity, 
/j^^ .^^ exp(A„x)(i//(x) = o(A„). Similarly, exp(A„n)^([n, +oo)) = o(A„). 

Finally, we obtain the following estimate: exp (A„i?i^n) = 1 + A„m(l + 
oil)). As n goes to infinity, an expansion yields that [i?exp (A„iii_n)]" = 
exp (nM A„(l + o(l))) . ^Prom Cramer's inequality (f53l) . we obtain that 

P {n~\Ri^n + ■■■ + Rn,n) > /) < exp (-nA„(/ - M)(l + o(l)))) . (55) 
Now, on the event A^, Ri = Ri^n for all 1 < i < n. 

As a consequence, P {n-^Ri + --- + Rn)> f) <P (n-l(i?l,„ + • • • + Rn,n) > /) + 
PiA^n)- 

The statement of the Lemma now follows from the bound (I52p on P{A'^) and the 
large deviations bound ([55]) for + • • • + Rn,n- 

□ 



Lemma 13. For every v > 0, as x ^ +oo, 

hoo , 

exp ( —uu 



du = [exp (-(i//2)xi/2^ 



Proof of Lemma\13[ Observe that there exists di > such that, for every 
n > 1, ti"*^/^ exp (— (z^/2)u^/^) < di. As a consequence, exp (— z^u^/^) < 
diti-i/^exp (-(i//2)ni/2), so that 

hoo , , /■+00 . , 

f j du<di exp f -(z^/2)ui/2 j 



exp 
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The r.h.s. of the above inequahty is then equal to di(4/iy) exp (— (i//2)x^/^) . 

□ 

7. Appendix: Polynomial tail of renewal variables when e = 

That K may have a polynomial tail is not necessarily an obstacle for proving an 
exponential bound for speedup large deviations, as long as has an exponential 
tail. However, as we now prove, both k and have a polynomial tail under Q«,' 
when w satisfies (G). 

Let w be such that r x {!,..., a} C A, F{r,i) = r for all 1 < i < a and 
(f)r-L{w) < P- Let Af := {U > t}, so that At = {r^ — ro > [a2u\ for all u < t}. Let 
Bt ■= {rt — 'f^o < L2o(0)iJ}- Now choose K > such that Ka2 > 2a{0) and consider 
the event Ct that the (at most) aM random walks involved in the definition of ffj+i 
remain below their position at time t during the time interval [t, Kt]. On Bt n Ct, 
TKt — ro < 2a{0)t, so that, with our choice of K, for t large enough (non-random), 
BtnCtC{U< Kt}. 

Now, we know that (At) > <Qw (U = +oo) > 62 > 0. Moreover, it is easily 
checked that, by the law of large numbers, limj_>_|_oo QSj^ (-B^) = uniformly with 
respect to all w such that F{r, i) = r for all 1 < z < a. As a consequence, for large 
enough t (not depending on w), Qw^{At D Bt) > S2/2. Moreover, conditional on 
AtD Bt, Ct has a probability larger that ct~"'^^'^ for some c > 0. As a consequence, 



there exists d > such that, for large enough t (not depending on W ) , 
Bt n Ct) > dt-''^/^, so that (fj{t < U < Kt) > dt-^^/'^. Since U, V and W 
are independent and {V = +00) > 61 > and Q^iW = +00) > 63 > 0, we 
deduce that Q°'^(t <U < +00, V = +00, W = +00) > dSiSst'"^/'^. Then observe 
that, on the event {t < U < +00, V = +00, W = +00}, one has that D > t and 
rD ^ h ^ lce2t\- Since n> D o Qg^ + Si and > ^zjoSs^+Sd this ends the proof. 

8. Appendix: negligibility of remote particles 

Proposition 17. For any w G L,g, < e < 1/2, and any t > 0, with P probability 
one, 

lim sup V ex.p{e{F^{x,i) -r)) = 0. 

— — (x,i)&A;x<r+K 

Proof. For aU x,i,t, let Cx,i,t '■= exp(0(F/(x, i) — r)) and 7 := [2(cosh6' — 1) + 
4esinh6']. Let also 

HK,k{s) ■= ^ Cx,i,s and Hk-oo{.s) := ^ C^^^j^s. 

(2;,i)eA; r+X+fc<a:<r+X {x,i)^A; x<r+K 

Since for every (x, i), (Caj^j^s exp(— 7s))s>o is a cadlag martingale, so is 
(-f^ii",fc(i) exp(— 7t))(>o, and we have the following inequality, valid for all A > 0: 

P ( sup i?i^,fc(s) exp(-7s) > A ) < \-^^{HK,m) . 

\0<s<t J 
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Now E{HK,km = Ei.,i)^A;r+K+k<x<r+K^MOiF'{x,i) - r)). We deduce that 
P ( sup HkAs) > a J < exp(7t) ^ exp(0(F^(2;, i) - r)). 

(56) 

Now observe that, for every s, the sequence {Hx.k{s))k=o,-i,-- is non-decreasing since 
we are summing non-negative terms. As a consequence, P [sup^^g^^ Hk,-oo{s) > A) 
equals P (Ufc^ supo<s<( Hx.kis) > A) , which is the probabihty of the union of a non- 
decreasing sequence of events, and so is equal to limfc^_oo P (supo<s<t HK,k{s) > A) . 
As a consequence, by (f56]) . 



P ( sup Hk,^oo{s) >\\< exp(7t) exp{9{F'{x, i) - r)). (57) 

Now observe that, for every s, the sequence {Yl{x i)eA- x<r+K ^x,i,s)K=o~i,--- is 
non-increasing, since we are summing non-negative terms. As a consequence, 
limi^^_oosupo<s<t-f/'x-oo(s) exists, and P (lim^^.oo supo<s<t -f^A' -oo(s) > A) 

equals P ( P|j^<q supo<^<( ff/^^_oo(s) > Aj , which is the probability of the intersec- 



tion of a non-increasing sequence of events, and so is equal to limx^-oo lP(supo<s<t Hk-oo{s)) > 
A). ^From Inequality (|57p . we see that this last expression equals zero. □ 

9. Appendix: estimates on the renewal structure 

In the sequel every constant Cj or 6i appearing in the estimates is assumed to 
depend on a,9,eo,ai,a2,p, L,e, unless there is a special mention that dependence 
with respect to some of these parameters is absent. The notation (^|)s>o stands 
for a nearest-neighbor random walk on Z with jump rate 2 and step distribution 
(1/2 -|- e)(5+i -|- (1/2 — e)(5_i, started at zero. The probability measure governing 
('^l)s>o is denoted by P. We use the shorthand M' := M/4 — 1, which is an integer 
number according to (j24p . We also use the notation 

h'o ■= {w = {F, r, A) ehe; r X {1,... ,a} C A, F{r, i) = r for all 1 < i < a}. 
For every x £ Z, let Mt^x,i '■= supo<s<t -^s.x.i- Let also, for z £ Z, 

^zy.= Yl exp(e(Mi,,,i-n)). (58) 

x<z, (x,j)6At 

Let lie '■= QoL\ — 2(cosh0 — 1) — 4esinh0. Now, for all < e < eo, /^e > /^eo) and, 
according to (p5|) . /i^ > A'eo > for all < e < eo- 

Lemma 14. There exists Ci < +oo not depending on e or L such that, for all 
< e < eo and all w = (F, r. A) G Lg, 

Q^^(t <W < +oo) < Ci(t)r-L{w)eiip{-ii,t). 
Proof. Without loss of generality we assume r = 0. Let us first note that 
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By the fact that s ^ Ms^x,i is nondecreasing, and the union bound, we deduce 
that 



[t <W <oo\< ^ 

n=\t\ 



(a',j)GAn{...,-(L-l),-L}x{l,...,a} 



Using the Markov inequahty, we obtain that 



Q'JlKW <oo\< exp(-6'[ainj) ^ E 

n=\t\ (x,j)eAn{...,-(L-l),-L}x{l,...,a} 

(59) 

For G A, write {Zs^x,i)s as the independent sum of a symmetric nearest 

neighbor random walk on Z with rate 2 — 4e and a Poisson process with rate At. 
Using the reflection principle to treat the symmetric part, and the fact that the 
Poisson process part is non-decreasing, we deduce that 

^efi LeMs^^A < 2exp(6'F(2;,i)) exp {s [2(cosh6' - 1) + 4esinh6l]) . 



Plugging the last identity into (j59p and summing, we finish the proof of the 
Lemma. 

□ 

Define for t > 0, and z < fg. 

Lemma 15. For all < e < eo, and all w = {F,r,A) £ L51, the family {Nt^z)t>o is 
a cddldg {J^J:'^)t^Q-martingale with respect to Qtf ,. 

Proof. Let us remark that, 

J\[^^= ^ g6»Zt,^,i-[2(cosh6l-l)-4esinh6l]t 
{x,i)&A,x<z 

Now, each one of the terms in the above sum is an (^j'''^)t>o-martingale Furthermore, 
since 0^(0) < +00, the martingales T,(x,i)eA-n<x<z e^^'.-''-P(™she-i)--4esinhe]t^ 

verge in L^{Qlf) to Nt^z as n — > 00. Thus, {Nt^z)t>o is an (^^'^'^)t>o-martingale. That 
the paths are cadlag is an easy consequence of {ws)s>o being cadlag. 

□ 

Lemma 16. For every < e < eg and w = {F, r. A) G hg, 

Q'J [W<^]< eMO)(pr-L{w). 

Proof. See [1]. □ 

Lemma 17. There exist < 02,0^ < +00 not depending on e or L such that, for 
all < e < eo, w = {F, r, A) G and t>0, 

Q'J [t<V<oo]< LC2 exp(-C3t). 
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Proof. Without loss of generality, assume that r = 0. Then {t < V < +00) 
is bounded above by the probability that one of the random walks born at a site 
between —L + 1 and —1 is at the right of [ais\ at some time s > t. By coupling, we 
see that the worst case is when all the walks start at zero, in which case, by the union 
bound, the probability is less than aL times the probability for a single random walk 
started at zero to exceed [qisJ at some time s > t. Let r := inf{s > t; (^l > [ais\}. 

Using the fact that (exp(0^| — [2(cosh0 — 1) — 4esinh0]s))s>o is a martingale, 
and applying Doob's stopping theorem, we obtain the bound P{t < +00) < 
exp(0) exp(— /i^i). The result follows. 

□ 

Lemma 18. There exists 61 > not depending on e such that, for all < e < cq 

and w = {F, r. A) £hg, 

Q^'[V <oo]<l-6i. 

Proof. Without loss of generality we can assume that r = 0. Note that the 
probability Qtf[V < 00] is upper bounded by the probability that a random 
walk within a group of aL independent ones all initially at site x = 0, at some 
time i > is at the right of [aitj. But this probability is 1 — /(e)"^, where 
/(e) := P(for all s > 0, < [aisj). By coupling, observe that / is a non-increasing 
function of e. For e = eo, the asymptotic speed of the walk is 4eo. Since, from ([25]) 
«! > 4eo, an easy consequence of the law of large numbers is that /(eo) > 0. This 
ends the proof. □ 

Lemma 19. There exists < C4 < +00 not depending on e or L such that for all 
e < eo and w = (F, r, A) € L^, and all t > 0, 

Q^^ [t<U< 00] <C4t~^''. 

Proof. The proof given in [5j for e = is based on tail estimates on the random 
variables {yk)k>Q- By coupling, for all < e < 1/2, and every s > 0, Qtf{iyk > s) < 
Qw {i^k ^ s). Thus, the estimate in [5j is in fact uniform over e. 

□ 

Lemma 20. There exists < C45 < +00 not depending on e or L such that for all 
e < Co and all t > 0, 

Proof. Since we start with the initial condition Zq, we can define a modified auxiliary 
front {r'g)s>o by replacing the random variables {i'k)k>Q used in the definition of 
{fs)s>0 by the random variables (j^^)fc>o defined as follows. Let Vq := and, for 
k >!, v'^\s the first time one of the random walks {{Gs.z,i)s>o] {'f'o + k — M) < z < 
'ro + k — l,l<i<a}, hits the site fo + k. With this definition, < fg for all s > 0, 
and, for each 1 < j < M — 1, the random variables {i^Mk+j : ^ ^ 0} are i.i.d. with 
finite moment of order M/2, whereas this is only true for {vMk+j : k > \}. The 
argument of ^ used to prove Lemma [19] can then be easily adapted to prove the 
present result. Alternatively, one can invoke Lemma [38] D 
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Lemma 21. For every < e < 1/2, there exist < C5(e), CQ{e) < +oo not depending 
on L such that, for every w = (F, r, A) G h'g, and every t > 0, 



[t<U <oo]< C5(e) exp(-C6(e)t). 

Proof. We observe that, for a given e > 0, has an exponentially decaying tail due 
to the positive bias of the random walks {Gs,x,i)s>o- Using standard large deviations 
estimates rather than moment estimates in the proof of Lemma [T9l we get the result. 

□ 

Using a similar argument, we can prove the following Lemma. 

Lemma 22. For allO < e < eo, there exists < C^s^e), C^^^e) < +oo not depending 
on L such that for all e < eo and all t > 0, 

Q'/jUs>trs < [ais\] < C53(e)exp(-C54(e)t). 

Lemma 23. There exists 82 > not depending on e such that, for all < e < eo, 

w = {F, r, A) G Lg, and t > 0, 

Q'J' [C/<oo] < 1-^2. 

Proof. By coupling, we see that Qw [U < 00] is a non-increasing function of e. Thus 
the estimate for e = proved in [5j is enough. 

□ 

Lemma 24. Let [i he such that < /3 < a(0). Then there exists < C'j{l3) < 00 
not depending on e or L such that, for all < e < eo, the following properties hold 
for all w = {F, r, A) G Lg. 

a) // r = and w G L^, and n > 1, 

Q'f [fin) > n/f3\ < C7(/3)n-'^/2. 

b) Assume that r = 0, to_^^i/4j o(^) — alL^^'^\/2 and n > 1. Then, 

Q^^ [fin) > n/p] < (Cr(/3)LLi/4jn-i/2)aLLV4j/2 ^ c/^(^)„-M'_ 

c) Assume that r = 0. For all k > M and n > 1, we have, 

Qlf [fin + k)- fik) > n/(5\ < C7i(3)n-^''' . 

Proof. The proof given in [4j for e = is based on tail estimates for the random 
variables ii^k)k>o and for hitting times of symmetric random walks, so that, by 
coupling, the estimates proved in [3] are in fact uniform over e. 

□ 

Lemma 25. Let (5 he such that < P < a(0). Then there exists < C^jiP) < 00 
not depending on e or L such that, for all < e < eo, for all w = (F, r, ^4) G such 
that r = and m_|^^i/4j olit^) > a[L^/^J/2, for all n > 1, 



f (nL) > nL/p] < C37(/3) (nL^/^^ 
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Proof. Easy consequence of Lemma [23] b), using the first inequality in (|26p . □ 

Lemma 26. For all < e < 1/2 and jS such that < /3 < a(0), there exist < 
C8(e, /?), C9(e, /3) < oo not depending on L such that: for every w = (F, r, ^) G Lg, 
and n > 1, 

^rj> [f{n) > n/(j\ < C8(/5,e)exp(-C9(/5,e)n). 
Proof. Stems from the exponential decay of the tail of i/^, as in Lemma [211 

□ 

Corollary 4. There exists < Cio,Cii < oo not depending on e or L such that, 
for all e < eo, all w = {F, r, A) G Lg such that (pr-hiw) < p, and all t > 0, 

Q'Jit <D<oo)< Cioit-^^' + Lexp(-Cnt)). 

Corollary 5. For every < e < 1/2, there exist < Ci2(/9, e), Ci3(/3, e) < oo not 
depending on L such that, for all w = {F, r, A) S such that (j)r-L{w) < p, and for 
all t>0, 

Q'J^it < L> < oo) < LCuif3,e)exp{-Ci3if3,e)t). 

Corollary 6. There exists < 5^ < oo such that, for all < e < €q, and all 

w = {F,r,A) £ Lg such that (jy^-Liw) < p, 

Q^^(Z) < oo) < 1 - 53- 
Proof of the corollaries andl^ See □ 

Lemma 27. There exists < Ci4,Ci5 < +oo not depending on e or L such that, 
for all < e < eq, all w = {F, r, A) € such that (pr-iiw) < p, and all t > 0, 

q'J>ifD -r>t,D<+oo)< Cu (t~^^' + Lexp(-C7i5t) 



Lemma 28. For every < e < eo, there exists < Cie{e),Ci7{e) < +oo not 
depending on L such that, for all w = (F, r, A) S such that 4>r-L{w) < p, and for 
all t>0, 

Q'J'irD -r>t,D <+^) < LCieie) eM-Cn{e)t). 



Proof of Lemmas \22\ and \28i Consider 70 > large enough so that 

c^,{eo,9)>0. (61) 

Observe that then c^o(e,^) > c^o(eo,6') for all < e < eo- 

Observe that by the union bound and the fact that (fs)s is non-decreasing, 
Qtfiro -r>t,D< +00) < Q^^(r,^-i -r>t,D< tj^^) + Q^^(t7o"^ <D< +00). 
Moreover, note that, by definition, (pri^) < (j)r-LiO) + aL. Then apply Lemma[2]and 
Corollaries [4] and [3 

□ 

Lemma 29. Consider w = {F,r,A) G such that (j)r-Li'w) < p. Then, for all 
< e < eg, Qtf-o-s. on the event {D < 00} we have, 

(pr-UD) < e^. 
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Proof. See [3]. □ 

Corollary 7. There exists < Cig < +oo not depending on e or L, such that, for 
all < e < €0, and all w = {F, r, A) £ h'g satisfying <f)r-L{w) < p, 



E: 



{D),D < oo] < CisL. 



Proof See d]. □ 

Lemma 30. There is a constant < Cig < +oo not depending on e or L, such 
that, for all < e < Co, and all w = {F, r, A) £ L^; 

a) Qti' ("i.,.+ Lii/4jK(r+LLV4j)) < aL^'/'J/2) < C,^L-/^; 

b) Q^^ (m,^+^_LLV4j,,,+z.K,+L) < a[Ly'\/2) < Ci9L-*^'/8(m'+i). 

Proof. Without loss of generality, assume that r = 0. For the sake of readability, let 
n := [L^/^J . We start with the proof of a). 
Choose 4eo < /3 < a(0). Then, 



an 



< 



an ^ n 









nn) > ^_ 



(62) 

Note that the event {mo,n{wf-^f^^-^ < an/2,T{n) < n/(3} is contained in the event 
that at least one particle born at any of the sites [ra/2j , [n/2\ + 1, . . . , n hits some 
site a; < in a time shorter than or equal to n//3. Hence, we can conclude that. 



on 



n 



<a{n + l- [n/2j)P[A^/^ < -[n/2\], (63) 



where and := info<s<t^s. 

Noting that, by coupling, P[A^y^ < —n/2] is non-increasing as a function of e, we 
can assume that e = 0. 

Now, by the reflection principle, -P[A°/^ < -n/2] < 2P[^^^^ < -n/2]. Hence, 



from inequality (|63|) . we see that 



mo,„(r(n)) < an/2,r(n) < | 



is bounded 



above by a(n + l)P[^^y^ < —n/2]. By a standard large deviations argument, for 
every t > and positive integer x, P[£,i > x] < e~*^*^^/*\ where g{u) > for all 
n > 0. Hence, a(n + l)P[C/f3 < < a{n + 1) exp |-|c/(^/2)|. Finally using 

part a) of Lemma [Ml to bound the second term of inequality ()62p and using the fact 
that a{n + 1) exp | — ^(7(/?/2)| < for n large enough, we conclude the proof 

of a). 

Now for b), Fw[mr^+L-n,ro+L(T{fD + -^))('»^f(fo+L)) < an/2] is upper bounded 
by, 



l<k<m 



€ 

[mk+L-n,k+L{wf(^,^_^^-^) < an/2] +Qw [ro > m, D < oo] 
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Letting m := L"- using part a) and Lemma [271 we obtain the result. 

□ 

Throughout the sequel, to simplify notation, we will define on the event {D < 00} 
for each n > 1, 

Fn := f^rn + nL) - D, F'^ := f{fD + nL). 

Lemma 31. For every < /3 < a(0), there exist < C2o(/3), C'2i(/3) < 00 not 
depending on e, L, such that for all < e < eg, and all w = {F, r. A) £ such that 
"i^_LLi/4j r(^) ^ o[L-^/^J/2, and (pr-iiw) < p, and for all natural n > 1, 



^ nL ^ 

Fn> —,D < CO 



< C2o(/?)(nLV2)-M'+i. 



Proof. Without loss of generality we can assume that initially r = 0. Note that 

Qtf [Fn>^,D< 00 



fc:l<fc<[Li/2J„ 



is upper-bounded by 
Fn > -^,rD = k,D < 00 



+ 



ro > n[L^/2j,L> < 00 . (64) 



Now, on the event {D < 00} we have that T{fo) < D so that Fn < T{f£) + nL) 
T{f£)). Hence, 



Fn > -^,rD = k,D < 00 



< 



f{k + nL)-f{k) > ^ 



Now, by part c) of Lemma l24l for all A; > M we have 1 

cm 

{nL)M' 



f{k + nL)-f{k) > '-f 



On the other hand for 1 < A; < M — 1, 



nL 
nL 



T{k + nL)-T{k) > ^ 



< 
< 



f{M + nL)>^ 



Now let /?</?'< a(0). Observe that, when nL^s > M{f3'/f3 - l)'^, {nL + 



M)/f3' < nL//3, so that 



f{M + nL)>^ 



< 



f{M + nL) > 



Thus, by Lemma [25| since m^_|^^i/4j ^.{w) > a[L^^'^\/2, we know that 



r(M + nL) > 



nL + M 



< (C37(/3)(nLi/2 



(65) 



When < M(/57/3 - l)-\ the same bound holds, with a possibly larger con- 

stant, using only the trivial inequality (•) < 1. Using Lemma \T7\ to estimate the 
second term of display ()64[) . and combining with (I65p . we finish the proof. □ 



Lemma 32. For every < e < eo and < /? < a(0), there exist < 
C22{P,^),C23{P,e) < 00 not depending on L, such that for all w = (F, r, A) G 
such that (pr-L^w) < p, for all natural n > 1, 



Fn > < 00 



<C22{P,e) exp(-C23 (A e)nL). 
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Proof. Consider e>0 such that + £) < a(0). 



As m the proof of the previous lemma, 



by 



is upper-bounded 



k:l<k<linL\ 

By Lemma 



Fn > -^I'^D = k,D < oo 



+ Q^^ [td > [inL\ , Z)< oo] . (66) 



[fo > [inL\,D <oo] < LCi6(e)exp(-Ci7(e)[^nLj). On 



the other hand, for 1 < /c < [£nL\ , Qtf f{k + nL) - f{k) > ^ 



< 



T{[nLil+i)\)>^ 



. By Lemma 



T(LnL(l+^)J) > ^ <C8(/9(1 + 



□ 



Lemma 33. Consider w = (F, r, A) G suc/i i/iai r = 0. T/ien /or a// < e < eo, 
i/ie following properties hold. 

a) For every h > 0, s > and n > 1 we have 



^o,f(n) > ^' ^(^) < < 2^5^ exp(s(2(cosh (9 - 1) + 4esinh 6*) - 6'n). (67) 



b) For every h > 0, s > 0, k > 1 and n> k we have a.s. 



'^k,f(n) '^k-L,f{n) 

aL 



> h,T{n)-T{k) < s 



T{k) 



< 2— exp(s(2(cosh 9 - 1) + 4e sinh 9) -9in-k)). 
h 



□ 



Proof. See [4J. 

Corollary 8. There exists < C24 < +00 not depending on e or L such that, for 
all w = (F, r. A) £ Lg, for all < e < cq, X > 0, n > 1, 

Qtf [V'fo,^ > < a];^nL, D < +00] < X^^C24Lexp{-a^^nLfi^J. 

Proof See [3]. □ 

Corollary 9. There exists < C25 < +00 not depending on e or L such that, for 
all < e < eo, and all w = {F,r,A) G Lg such that m^_^j;^i/4j ^.(u;) > alL^/'^\/2, 

Q^f [{i'fn > P,T{rD + L)} U {m.^+L-lL^/^lfn+liWrn+L) < a[L^/^\/2}, D<+^ 

< C25L-"^^'/{8{Af+l))^ 

Proof See ID . □ 

Lemma 34. Let g > 1 be an integer. Consider two sequences (afc)fc>i and {ck)k>i 
of non-negative real numbers such that '^fc < 1 '^'^^ such that 



Ci < Oi, 



(68) 
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and for every m > 2 we have that, 

m—l 

(69) 

k=i 

For all integers (7 > 0, let Aq := 'Ylk=i'^kk'^ o,f^d Cq := X]fc=i'^fc^''- t > 0, 
/et ^(i) := Ofc exp(tA;) and C{t) := X]fc=i '^fc exp(tA;). T/ie following properties 

hold: 

a) Assume that q > 1 is such that Aq < +00. Then Ck < +00 for all 1 < k < q, 
and 

Cq<{l- Ao)-l {^Aq + {^^Cq^kA^ . 

b) Assume that A{tQ) < +00 for some to > 0. Then A{t) < 1 for all small 
enough t > and, for all such t, 

C{t) < {l-A{t))~^A{t). 

Proof. Part a) is proved in As for part b), observe that the power series a{z) := 
^k=i^kz'' has a convergence radius > exp(fo)- As a consequence, the map t 1— > 
a(exp(t)) is weh-defined and continuous for t < to- For t = 0, a(exp(t)) = Ylk=i < 
1 by assumption. By continuity, a(exp(t)) < 1 for ah t > small enough. 

Summing ([68]) and ([69]) . we see that, for all m > 1 and t > 0, Yl^i exp(ti) < 

ai exp{t) + X]i^2 ("i exp(ti) + Ylk^i o-i-kCk exp{tifj , so that X]™^^ a exp{ti) < 
YliLi flj exp(tf ) + J^'^^i Ck exp{tk) {J2^k+i '^i-k exp(t(i - k))) . As a consequence, 
YXTi^ Ci exp{ti) < A{t) + A{t) YlT=i Cfc exp{tk)). When A{t) < 1, we deduce that 
Ciexp(ti) < {l-A{t))-^Ait). Letting m go to infinity, we conclude the proof. 

□ 

Lemma 35. Let {0,7i,T) be a probability space, and {J~Ln)n>i be a non- decreasing 
sequence of sub-a- algebras of H. Let {Bn)n>i, {Al)n>2,o<k<n~i and {B'^)n>2 be 
sequences of events in TC such that the following properties hold: 

(i) for all n > 1, Bn G TCn 

(ii) for all n>2, BnC B^-i n {B'^U A^ U A'l U ■ ■ ■ U .4;^_i) . 

Now assume that we have defined a sequence (an)n>i of non-negative real numbers 
enjoying the following properties: 

(1) T(Bi) < ai; 

(2) for all n>2, T{B'jnn-i) < ai a.s.; 

(3) for all n>3, TiA'^_^\nn-2) < ^2 a.s.; 

(4) for all n>2, T{A^) < an/2 a.s.; 

(5) for all n>2, T(A5^) < a„/2 a.s.; 

(6) for all n > 4 and all 2 < k < n — 2, T{A'^\Tlk-i) < On-fe+i a.s.; 

then, letting Cn := T{Bn) for all n > 1, the inequalities [68\) and are satisfied 
by the two sequences (an)n>i and (c„)„>i. 
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Proof. First, observe that Inequality (f68ll is a mere consequence of assumption (1). 
Assume now that n > 2. By the union bound, 

n-l 

T{Bn) < Y.T{Al,Bn-i)+T{B'^,Bn^i) . (70) 

k=0 

Now, since -Bn-i G T~(-n-i, assumption (2) entails that T (B^, -B„-i) < aiT(i?„_i). 

On the other hand, (4) and (5) imply that T(yl[J) + T{A'1) < a„. 

When n = 2, we deduce from ([70]) that T(S„) < T(^(J) + T(^5') + T (5^, fi„_i), 
so that T(i?„) < a„ + aiT(i?„_i), and so ([69]) is proved for n = 2. 

Assume now that n > 3. Since by assumption B^-i C Bn-2, "^{A^-i, Bn-i) < 
T(j4^_]^, i?„_2). Now, thanks to assumption (3) and to the fact that Bn-2 G T~(-n~2, 
T(^^i,5„_2) <a2T(S„„2). 

For n = 3, we deduce from that T{Bn) < T(yl^) + T(^^) + T(^^_i, B„_i) + 
T {B'n, Bn-i), so that T(i?„) < a„, + a2T(i?„_2) + aiT(i?„_i), and so ([69l) is proved 
for n = 3. 

Assume now that n > 4. For 2 < k < n — 2, the fact that i?n-i C implies 
that T{A^, Bn-i) < T(>1^, i3fc_2). Since -Bjt_i G Ti-k-i, assumption (6) entails that 
T{Al,Bk-i)<an-k+iT{Bk-i). 

As a consequence, plugging the previous estimates into Inequality ([70|) . we obtain 
that 

n-2 

T{Bn) <an + a2T{Bn-2) + aiT{Bn-i) + J2 an-k+iT{Bk-i), 

k=2 

which is exactly (f69]l . 

□ 

Lemma 36. There exists < Lq < +oo not depending on e such that, for all L > Lq 
there exists < C26 < +00 not depending on e, such that for all < e < Eq, the 
following properties hold. 

a) For all n > 1, (f^^iJo > n) < C2&n^~^^' . 

b) For all w = {F,r,A) G Uq such that ?7i^_^^i/4j ,,(!«) > ayL^^^\/2, and 
(j)r-L{w) < V; we havc that, for all n > 1, Qlf{Jfjy > n,D < +00) < 

c) For all n>l, Q^f^(Jo >n,U> T^l) < C2&n^-^^^' . 

In the sequel, we use the notation Tt instead of Tf.' to alleviate notations. 
Proof of part a). For all n > 1, let 

i?„:= nti{V(,_i)i,f(,i)>p}ui?,', 

Since (j)z{wt) < V'^,*; the following inequality holds: 

QtiJo >n)< Q'/(Bn). (71) 
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For n > 2 and 1 < A; < n — 1, let 

'■= ^kL,f{nL) ~ ^(fc-l)L,f{nL)' 

and let 

We now prove that the assumptions (i)-(ii) of Lemma [35] are satisfied, with {0,7i) 
being the space Vihg) equipped with the cylindrical a-algebra, and probability Qtl, , 
and Tin '■= ^f(^nL) ^^'^ all n > 1. 



^1 



0,t(nL) 



+ 



Assumption (i) is immediate. Note that, for n > 2, 4^(^^-1)1 f{nL) 
Y^kZl Afc. Since ^ + Y2Zl = 1, we have that 

so that (ii) is established. 

We now look for a sequence (an)n>i such that assumptions (l)-(6) of Lemma [35] 
are satisfied. Assume that n > 2. By the strong Markov property and Lemma [2^ 
c), using the fact that, by (|26p . L > M, we have for any 1 < k < n — 1, a.s. 

-M' 



Q^; [T{nL) - T{kL) > (n - k)L/ai\J'f^^,_,^^^) < Cj{ai){{n - k)L) 

By the strong Markov property again, and Lemma[33lb). using the fact that //^ > /x^q, 
we have that a.s. 



> p/2^-\f{nL) - f{kL) <{n- k)L/a^\Tf^^,_^^^^ 
< 2aLp"^2"-''exp(-//,o(n- A;)L/ai). 
We deduce that, for n > 2, and I < k < n — 1, a.s. 

Q'x'{A'^\:Ff^(^k-i)L)) < C7(ai)((n - k)L)-^'' + 2aLp-i2"-'= exp(-/i,„(n - k)L/ai). 

(73) 

Similarly, using Lemma [25] which is possible since m„^^i/4j o(^o) ^ we 
have that 

Q'j^ (f{nL) > nL/ai) < C:,-j{ai){nLy^)-^'' . 
On the other hand, by Lemma [55] a) . we have that 



> p/2", r(nL) < nL/ai < 2p"^2"">o(2^o) exp(-/i,onL/ai 



We deduce that 

QJ'(^^) < C37(«i)(nLi/2)-^^' + 2p-i2"-Vo(Xo)exp(-^,„nL/ai). (74) 

Now, for n > 2, by part a) of Lemma [30l the strong Markov property, the fact 
that (n - l)L < nL - [L^/"^] and that there are at least a particles at the rightmost 
visited site at time T{nL — [L^/^J), a.s. 



(75) 
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Finally, observe that, by the union bound, Qj^^ (-^i) is upper bounded by 
'^iMo^fiD > P^T{L) < L/a,) + q'/^{f{L) > L/ai) +Q5^^(m^_Lii/4j,iK(^)) < 

Thanks to Lemma [23] a) , Lemma [33] a) and Lemma [30] a) . we obtain that 

Q'j'iBi) < 2p-Vo(^o) exp(-^,„L/ai) + C7{ai)L~''/^ + Ci^L-'''\ (76) 

Now we see that, by Inequalities ([75]) and ([76]) . (1) and (2) of Lemma [35] are 
satisfied if we let 

ai := 2p-^M^o) exp(-/x,„L/ai) + CylaOL-'^/^ + CigL-'^/s. 

Now, for m > 2, let 



C7{ai){{m - 1)L)-^' + 2aLp-^2"'-^ exp{-n,^{m - l)L/ai) 



+2 



C37{ai)imL^/^)-'''' + 2p-i2™-Vo(^o) exp(-/.,„mL/ai: 



Inequalities ([73]) and ([71]) entail assumptions (3)-(4)-(5)-(6) of Lemma [35] Note 
that the sequence (am)m>i depends on eo but not on e. Moreover, observe that, for 
large enough L (not depending on e), Yl^l^i ^mm^^ ~^ < +oo. On the other hand, 
as L goes to infinity, X^m^i '^m goes to zero, as can be checked by studying each 
term in the definition of {am)m>i- Part a) of Lemma [36] then follows from applying 
Lemma [311 

□ 

Proof of part b). We use exactly the same strategy as for part a). 
For all n > 1, let 

i?„ := {^,^_,^,_,^L,fir^^^L) > P, D < +Oo] U B[, 

B'i ■■= {m^^+ii_Lii/4j^^^+ii(ii;j.(.^_^.^)) < a[Li/4j/2, D < +00} . 
Since (j)z{wt) < V'^,*; the following inequality holds: 

<^J{Jfo > n, D < +00) < Q^^(S„). (77) 
For n > 2 and l<A;<n— 1, on {D < +00}, let 

^fc •= ^rr>+kL,f{fD+nL) ~ '^fD + (k-^)L,T{fD+nL)i 

and let 



K '— {^fD,f{ru+nL) 



> pIT-\ D < +00} , Al := > p/2^-\ D < +00} , 



for 1 < k < n — 1. 

We now prove that the assumptions (i)-(ii) of Lemma [35] are satisfied, with 
(O, TC, T) being the space 'D{]Lg) equipped with the cylindrical cr— algebra, and prob- 
ability Qw , and Tin ■= ^f(f-o+nL) all n > 1. 
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Assumptions (i) is immediate. Note that, for n > 2, on {D < +00} 

'^ro+{n-l)L,f (fo+nL) = r o ,f (f d +nL) + Ylk=l ^k' Since + Ylk=l 2^ ^ 

we have that 

{%oHn-l)L,f{fo+nL) > P> ^ < +'^} ^ 

{^ro,nfo+nL) > P/^""' ^ D < +^} U [U^-| {A^ > p/2"-^ D < +Oo}] , 

so that (ii) is estabhshed. 

We now look for a sequence (a„)„>i such that assumptions (l)-(6) of Lemma [35] 
are satisfied. Assume that n > 2. By the strong Markov property and Lemma [24] 
c), using the fact that, by (j26l) . L > M, we have for any l<fc<n — 1, on the event 
{D < +oo}, a.s. 

Q^^ (f{fD + nL) - f{rD + kL) > (n - k)L/a,\J^f^,^^^,^^^^^) 

<C-j{ai){{n-k)Ly'. 

By the strong Markov property again, and Lemma[33lb). using the fact that /x^ > //eq, 
we have that, on {D < +00} , a.s. 

> p/2^'\fifD + nL) - f{fn + kL) < (n - k)L/a,\:Ff^.^^^^_^^^^ 

< 2aLp-^2"'~'' exp{-fi,^{n - k)L/ai). 

We deduce that, for n > 2, and l<A;<n — 1, on {D < +cxd}, a.s. 

Q^'(^fcl-^f{f,+{fc-i)L))<^7(ai)((n-fc)L)'*''+2aLp-i2"-'^exp(-;u,„(n-A:)L/ai). 

(78) 

Similarly, using Lemma [SU which is possible since m_|^^i/4j o('"^) ^ a[L^/^J/2 and 
(pr-Liw) < p, we have that 

f{fD + nL)-D> nL/tti, D < +00) < C2o(ai)(nL^/2)-M'+i^ 
On the other hand, by Corollary [8] we have that 

%n,f,^+nL > p/'^'"\f{nL) -D< nL/tti] < p-^2'''^C2ALexp{-a-^nLfi,^). 
We deduce that 

Q'^'iA^) < C2o(ai)(nLi/2)-^^'+i +p-i2"-iC724Lexp(-ar'nL/.,J. (79) 

Now, for n > 2, by part a) of Lemma [30l the strong Markov property, the fact 
that (n — 1)L < nL — [L^^'^] , and that there are at least a particles at the rightmost 
visited site at time T{f£) + nL — [L^/^J), on {D < +00}, a.s. 

Q^'(i?;i-^f{f,+(n-i)L)) < C,,L-^/'. (80) 
Finally, observe that, by Corollary [9] 

Q^'(i?l) < C25L-'^^-''/('(''''+^)^ (81) 
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Now we see that, by Inequalities ([80]) and (fHTI) . (1) and (2) of Lemma | 
satisfied if we let 

Now, for m > 2, let 

Cj{ai){{m - l)Ly^"^' + 2aLp-^2'"-^ exp(-^,o(m - l)L/ai 



are 



+2 



C2oiai){mL 



l/2\-M'+l 



+ p ^2™ ^C24Lexp(-ai ^mL/i, 



Inequalities ([78|) and ([79]) entail assumptions (3)-(4)-(5)-(6) of Lemma 
Note that the sequence {am)m>i depends on eo but not on e. Moreover, observe 
that, for large enough L (not depending on e), X]^=i ^mfn^^ < +oo. On the other 
hand, as L goes to infinity, Yl^^i So&s to zero, as can be checked by studying 
each term in the definition of (am)m>i- Part b) of Lemma [36] then follows from 

□ 



applying Lemma] 
Proof of part c). For all n > 1, let 



n 



i=l 



(i-l)L,f(iL) 



>p,U> f{iL)^UBl, 



B[ ■•= {m,i-LLV4j,LK(.L)) < «L^'/'J/2, U > f (.L)} 
Since 4)z{wt) < '>pz,t, the following inequality holds: 

Q^^(Jo >n,U> fnL) < ^iliBn). 



(82) 



For n > 2 and 1 < < n — 1, let 



kL,T{nL) 



{k-l)L,T{nL)^ 



and let 

^0 {V'cf (nL) > ^'/2""'' > ^(^^)} ' ^fc {^fc > P/^'^''^ U > finL)] , 
for 1 < k < n — 1. 

We now prove that the assumptions (i)-(ii) of Lemma [35] are satisfied, with {0,TC) 
being the space ^'(Le) equipped with the cylindrical ex— algebra and probability Q^'^^ , 
and Tin '■= ^f{nL)- Assumption (i) is immediate. Assumption (ii) is proved as in a). 

We now look for a sequence (a„)„>i such that assumptions (l)-(6) of Lemma [351 
are satisfied. 

Assume that n > 2. Exactly as in part a), we can prove that, for n > 2, and 
1 < < n — 1, a.s. 

QX(^fcl-^t((fc^i)L)) < C7(«i)((n - k)L)-''' + 2aLp-'2^~^ exp(-/i,„(n - k)L/ai). 

(83) 

Now, note that, on Ag, one has T{nL) < (nL + l)/a2 since U > T{nL), whence 
T{nL) < riL/ai when L > 01/(02 — oi)- 

On the other hand, by Lemma [33] a), we have that 

Qafo k,f„, > p/2"-\r(nL) < nL/oi" 



< 2p-i2"-^ 



ado) exp(— /iegnL/oi). 
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We deduce that 

Q'^JMo) < 2p-^r'^MaSo) exp(-/x,onL/ai). (84) 
Exactly as in a), a.s. 

QaliK\^fiin-m)<Cl9L-^^'- (85) 

Finally, observe that, by the union bound, Q^'^j(i?i) is upper bounded by 

^a5o(%,f(L) > P'^L) < L/ai)+Q'f,^{f{L) > L/ai)'VQj,^(m^„Li^v4j,L(«)t(^)) < 

Thanks to Lemma [33] a) and Lemma [30] a) and Lemma [2H we obtain that 

QX(Si) < 2p-^MaSo) exp(-/x,oL/ai) + ^7(01)^""/' + CigL-"/^ (86) 

Now we see that, by Inequalities (|85p and (|86p . (1) and (2) of Lemma 1351 are 
satisfied if we let 

ai := 2p- Vo(a'^o) exp(-/x,oL/ai) + C7{ai)L-''/^ + CigL-'^/^ 

Now, for m > 2, let 

C7(ai)((m - l)L)-^' + 2aLp'^2'"-^ exp{-fi,^{m - l)L/ai] 



+2 [2p~^MaSo)2"'-' expi- i^,,mL/ai)] 



Inequalities ([55]) and ([M]) entail assumptions (3)-(4)-(5)-(6) of Lemma[ 

Note that the sequence (am)m>i depends on eo but not on e. Moreover, observe 
that, for large enough L (not depending on e), X^^=i '^m^^^ ~^ < +00. On the other 
hand, as L goes to infinity, Om goes to zero, as can be checked by studying 

each term in the definition of (am)m>i- Part c) of Lemma [36] then follows from 
applying Lemma [M] 

□ 

Lemma 37. For every e > 0, there exists -Li(e) < +00 such that, for all L > Li{e), 
there exists < 6*27(6), C28(e) < +00 such that the following properties hold. 

a) For all n > 1, Qj^{Jo > n) < C27(e) exp( — C28 (^)'^) • 

b) For all w gI^'q such that m^__^i^i/4^ ^{w) > a\L^I^\l2, and (pr-hiw) < p, we 
have that, for all n>l, Qw {Jf^ > n, D < +00) < C27(e) exp(— C28(e)ra)- 

c) For all n > 1, Q^f^(Jo >n,U> fni) < C27(e) exp(-C28(e)n). 

Proof of part a). We use exactly the same definitions as in the proof of part a) of 
Lemma [36] except that we look for a different sequence {an)n>i such that assump- 
tions (l)-(6) of Lemma [35] are satisfied. Assume that n > 2. By the strong Markov 
property and Lemma [26] we have that, for any 1 < k < n — 1, a.s. 



§^ (r(nL) - T{kL) > (n - A;)L/ai|J^^..^_-^w. j < C8(ai, e) exp(-C9(ai, e)(n-A;)L). 
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As in the proof of Lemma [36l a.s. 

QJ^' [a^ > p/2"-^f (nL) - f{kL) < {n - k)L/ai\J^^^^,_^^^^_ 

< 2aLp-^2''-'' exp{-^l^^{n - k)L/ai). 
We deduce that, for n >2, and I < k < n — 1, a.s. 

Qxo(^fcl-^T({fe-i)L)) <C8(«i,e)exp(-C9(ai,e)(n-A:)L) 

+2aLp-i2"-^exp(-;U,(,(n - k)L/ai). (87) 

By Lemma [26] again, 

Qj^^ {T{nL) > riL/ai^ < Cs{ai,e) exp{-CQ{ai,e)nL). 
On the other hand, as in the proof of Lemma [ 



V'nf ^ >p/2''-',T{nL) < nL/ai < 2p-^2"' Vo(Xo) exp(-/i,onL/ai). 



We deduce that 

Q^'(^o) < C8(ai,e)exp(-C9(ai,e)nL) + 2p-i2"-Vo(^o)exp(-^,„nL/ai). 
Now, for n > 2, as in the proof of Lemma [551 a.s. 

m'(K\^fan-i)L)) < CwL'^^'. (89) 

Similarly, 

Q'/^iBi) < 2p-'M^o) exp(-^,„L/ai) + C7{ai)L-''/^ + CigL--^/^ (90) 

Now we see that, by Inequalities ([89]) and ([90]) . (1) and (2) of Lemma [35] are 
satisfied if we let 

ai := 2p-Vo(Xo) exp(-/x,oL/ai) + C7(ai)L-"/2 + CigL-^/^. 
Now, for m > 2, let 

am ■= 2 [Cs{ai,e) ex.p{-Cg{ai,e){m - 1)L) + 2aLp^^2'^~^ exp(-//eo(m - l)L/ai)] 

+2 [C8(ai,e)exp(-C9(ai,e)mL) +2p~^2'"-Vo(2'o)exp(-/i,QmL/ai)] . 

Inequalities ([57]) and ([55]) entail assumptions (3)-(4)-(5)-(6) of Lemma [HS] Now 
observe that, for L large enough, X^^^ an exp(tn) < +oo for t > small enough. 
As L goes to infinity, Yln=i '^n goes to zero, as can be checked by studying each term 
in the definition of (am)m>i- Part a) then follows from applying Lemma [Ml 

□ 

Proof of part h). We re-use exactly the same definitions as in the proof of part b) of 
Lemma [36] except that we look for a different sequence (an)n>i such that assump- 
tions (l)-(6) of Lemma [35] are satisfied. Assume that n > 2. By the strong Markov 
property and Lemma l26l we have for any 1 < A; < n — 1, on {D < +00} a.s. 



f-D + nL) - T{fD + kL) >{n- k)L/ai\Tf^-^^f^^_^^^^ 
< C8(ai, e) exp(-C9(ai, e)(n - k)L). 



52 JEAN BERARDi AND ALEJANDRO RAMIREZ^'^ 

As in Lemma [36l we have that, on {D < +00} a.s. 

^ _ ^^ r 1 -i ., 



Al > p/2"-^ f (f^ + nL) - f{fn + kL) < (n - k)L/ai\Tf 



< 2aLj5"^2""*=exp(-/i,o(n- A;)L/ai). 
We deduce that, for n >2, and 1 < A; < n — 1, on {D < +00}, a.s. 
Q'lL'mj^firnH'^^DL)) < Cs{aue)eM-C9{ai,e){n - k)L) 

+2aLp-^2"'-'' exp{-fi,^{n - k)L/ai). (91) 
Similarly, using Lemma [32l which is possible since 4)r-L{w) ^ we have that 

Q'w (f{fD + nL) > nL/ai, D < +00) < ^22(01, e)L exp(-C23(ai, e)nL). 



As in the proof of Lemma we have that 
We deduce that 

Q^^(^o) < C22(ai,e)Lexp(-C23(ai,e)nL) + p-^2''-^C2iLexp{-a^^nLfiJ. (92) 
Now, for n > 2, as in Lemma [36] a.s. 

QtfiB'j^firnHn^DL)) < Cl,L-^/' , (93) 

and 

Q^'(i?i) < C25L-''^'^^^''^''+^^l (94) 

Now we see that, by Inequalities (f93]l and ([Ml) . (1) and (2) of Lemma [351 are 
satisfied if we let 

ai := Ci9L-"/« + C25L-"*^/(i6{M+i)). 

Now, for m > 2, let 

Um ■= 2 [Cs{ai,e) exp{-Cg{ai,e){m - 1)L) + 2aLp"-^2''""^ exp{-fi^g{m - l)L/ai)] 

+2 [C22(ai,e)Lexp(-C23(ai,e)nL) + p"^2"~^C24L exp(-aj"^mL/Xeo)] . 

Inequalities ([9ip and (|92p entail assumptions (3)-(4)-(5)-(6) of Lemma [35l Now 
observe that, for L large enough, X^^^ an exp(tn) < +oo for t > small enough. 
As L goes to infinity, Yln=i '^^ Soes to zero, as can be checked by studying each term 
in the definition of (am)m>i- Part b) then follows from applying Lemma [Ml □ 

Proof of part c). We use exactly the same definitions as in the proof [36] c), ex- 
cept that we look for a different sequence (a„)„>i such that assumptions (l)-(6) of 
Lemma [35l are satisfied. 

Assume that n > 2. Exactly as in the proof of part a) of the present lemma, we 
can prove that, for n > 2, and 1 < A; < n — 1, a.s. 

<^t^Al\Tf^^_^_^^^^ < C78(ai,e)exp(-C9(ai,e)(n- A:)L) 

+2aLp"^2"~''exp(-//,o(n- A:)L/ai). (95) 
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As in the proof of Lemma [361 c) . 

Q'aliA'S) < 2p-i2"-Vo(a<5o) exp(-/i,„nL/ai). (96) 

Similarly, a.s. 

'QX(^nl-^f((„-l)L))<^19^""/'' (97) 

and 

QaliBi) < 2p-Vo(a5o) exp(-//,„L/ai) + Cr{ai)L~^/^ + CigL-"/^ (98) 

Now we see that, by Inequalities (i97|) and (f98l) . (1) and (2) of Lemma [35] are satisfied 
if we let 

ai := 2p-^MaSo) exp(-//,oL/ai) + Cr{ai)L-''/^ + ^19^""/^ 
Now, for m > 2, let 

a™ := 2 [Cs{ai,e) exp(-C9(ai, e)(m - 1)L) + 2aLp"^2'""^ exp(-/x,o(m - l)L/ai)] 

+2 [2p-i2'""Vo(a<5o)exp(-/i,,mL/ai)] . 

Inequalities (j95]) and ([96]) entail assumptions (3)-(4)-(5)-(6) of Lemma [35] Now 
observe that, for L large enough, ^J^^ a„exp(tn) < +00 for f > small enough. 
As L goes to infinity, X^nS goes to zero, as can be checked by studying each term 
in the definition of {am)m>i- Part c) then follows from applying Lemma [34] D 

Lemma 38. Let {Yi)i>i be a sequence of random variables on a probability space 
{0,Ti.,T), and {TCi)i>o o,n non- decreasing sequence of sub-a— algebras ofH such that 
Ti-O = {0,O}. Assume that the following properties hold: 

• for all i > 1, Yi is measurable with respect to TLi; 

• there exists an integer q>l and a constant < ci{q) < +00 such that a.s. 
ET(y/'^|Wi-l) < ci{q). 

Then there exists a constant < 02(9) < +00, depending only on q and ci{q), such 
that for all t > and n > 1, 



T sup A; ^ 

\ k>n 



Yi + ---Yk-Y,^T(Yi\ni-i: 



i=l 



>t] < C2{q)n-H 



-29 



Proof. Observe that Kj{Yi\7{i-i) exists and is finite for all i since ¥,T{Y^'^\7{i-i) < 
+00. Now let Zi := Yi — Kj{Yi\TCi-i). Observe that, with our assumptions, 
Kj{Zi\Tli-i) = a.s. Moreover, thanks e.g. to Jensen's inequality, Kj{zf''\Tli-i) < 
^3(9), where 03(5) depends only on q and ci{q). 

We now prove by induction on i that, for all < i < q there exists a constant 
< C4^{i) < +00, depending only on i, q and ci{q), such that, for all n > 1, 

Et((Zi + • • • + Znf^) < c^iiy. (99) 

For £ = 0, the result is trivially true for all n > 1. Now consider < ^ < g — 1, 
assume that the result holds for £, and let us prove that it holds for £ + 1. For all 
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n > 1, 




fc=0 



2l+2-k yk 



With our assumptions, E']r((Zi + ••• + = 0. Now, by Jensen's in- 

equality, 'E'f{Z'^_^]\Hn) < C3(g + 1)1/(9+1) a.s. By our induction hypothesis, we see 
that Et((^i + • • • + Zn)'^^) < c/i{l)n^ , with C4(£) depending only on q'jf, and ci{q). 
As a consequence, Et((Zi + • • • + Z^f^Zl^^) < 04(^)03(9)1/(9+1)719. On the other 
hand, by Jensen's inequality, for /c > 3, Et |(Zi + • • • + Z„)2^+2-^| < Ej{{Zi + ■■■ + 
^^)2£)(2£+2-fc)/2£ < (^^(^)„^)(2^+2-/c)/2^_ Similarly, Et (|Z^+i| < C3(g)'=/29 a.s., 
so that |Et((Zi +--- + Z„)2^+2-'=Z^+i)| < C3(Q)'=/2g)(c4(£)n^)(2^+2-fc)/2£, Putting 
these estimates together, we obtain that 



Since the are only terms of order or less in the r.h.s. of the above inequality, 
summing, we easily deduce that Kf{{Zi + • • • + Z„)^^+^) < 04(1 + l)n^~^^ for all 
n > 1, with a constant C4(£ + 1) depending only on i, q, and ci{q), so the induction 
step from g to g + 1 is complete. 

Now observe that the sequence (Mfc)fc>o defined by Mq := and := k^^{Zi + 
• • • + Zfc) is a martingale with respect to {Ti.k)k>o- As a consequence, using the 
maximal inequality for martingales and Inequality (j99p . we see that, for all integers 
n > 1 and £ > 0, 



Et((Zi + • • • + Zn+lf'+^) - Ej{{Zi + ■■■ + Znf'^^) < 





C3(g)'/'^(c4(^)n^)(''+'~')/=^'. 



T 



sup 

2<^n<k<2'^+^n 




By the union bound. 



T sup/c"! Yi + 





is bounded above by 




and so by 




The conclusion follows 



□ 
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Lemma 39. Let (li)i>i be a sequence of non-negative integer-valued random vari- 
ables on a probability space {0,Ti.,T), and {TLi)i>Q an non- decreasing sequence of 
sub-a— algebras of TC such that TCq = {0,O}. Assume that the following properties 
hold: 

• for all i > 1, Yi is measurable with respect to Tii; 

• there exists < ci,C2 < +oo such that for all i > 1 and k > 0, T{Yi > 
tlT-Ci-i) < ci exp(-C2/c). 

Then there exists C3 depending only on ci , C2 such that, for all t > C3, there exist 
< C5, cg < +00 such that, for alll < n < m, T{Yi + - ■ -+1^ ^ "li) < C5 exp(— cgm). 

Proof. For < A < C2, one has a.s. 

+00 

ET(exp(Ay,)|Wi-i) < 1 + ^(e^^ - e^^^-'^)T{Yi > k\n^-i) 

k=l 

gA— C2 

Letting j{X) := ci(l — e~^) ^^J^l^^ , we deduce that 

ET(exp(A(yi + • • • + y„))) < (1 + 3{W ■ 
Then, by Markov's inequahty, 

T(yi + --- + Ym>mt) < exp(-mAt)ET(exp(A(yi + • • • + Y^)), 

so that 

T{Yi + • • • + y„ > mt) < exp [-m (At + log(l + j(A)))] . (100) 

As A goes to zero, we see that j{X) = C3A + o(A), with C3 := yzp^- Choosing A 
small enough in (llOOp yields the result when n = m. For n < m, observe that by 
assumption yi + • • • + y„ < yi + . . . + y^. 

□ 

Lemma 40. For L > Lq, there exists < C74, C75 < +00 such that, for allO < e < 
eQ, and all k > 1, 

a) Qx'irs, > kCj^ + u, K > k) < Cj^k'^u-^; 

b) Qafo(^5fc > ^^"75 + u,U = +^,K>k)< Cjik^u-\ 
Proof. Fix L > Lq. Observe that, for any A; > 1, on {i^ > A;}, 

rsk =fo + {rsi - ^0) + X] (^^i+i ~ + ~ ^Sj) HK > j). (101) 

i=i 

Observe that, for w = Wf^^ with 1 < j < iiT, denoting w = (F, r, A), the three 

conditions w G L^, cpr-iiw) < and m^_^j;^i/4j ^(tf) > a[L^/'^\/2 are satisfied. As 
a consequence, by Lemma [27] and the strong Markov property, for all 1 < j < /c — 1, 

and all t > 0, a.s. Q'/^ifn, - rs, > t, K > j\J^s,) < Cu (t'^^' + L expi-Ci^t)) . 
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Now letting, for j > 1, Yj := {rUj — rs^) > j), and Tij := J^Sj+n we see that 
the assumptions of Lemma [551 are satisfied with q = 2, since M' = a + 8. 

Thanks to the above observation on w = Wrg., and to the fact that, on {K > j}, 
^Sj+i — = LJf^ , we see that, by Lemma [361b) and the strong Markov property, 

for all 1 < j < /c - 1, and all t > 0, a.s. Qj,^ (r^.+i - ro, > t, K > j\Ts,) < 
C26i[L-^t\f-^^' . Similarly, thanks to LemmaESla), one also has that, for alH > 0, 
a.s. q'/^{fs, -ro>t,K> j|^s.) < C2d[L-H\f ''- 

Now letting Yi := rsi - ro, and, for j > 2, Yj := [fs^ - ^d.^i) > j), and 
Ti.j := Fsji we see that the assumptions of Lemma [38] are again satisfied with 
q = 2. Applying Lemma [38l we deduce the existence of two constants C751, C741 not 
depending on e such that for all k > 1 and u > 0, 



^lo I Yl i^D, - rs,) HK > j) > /CC751 +u,K>k] < C74ik' 



u 



and 



l^Sr " ^0 + (^^^+1 " ^^^) - > ^^751 +U,K>kj< C7iik\-\ 

Part a) of the lemma then follows from the two above inequalities, (jlOip . and the 
union bound. 

To prove part b), we note that, for all > 1, on {K > k, U = +00}, 

k-l 

rs, =ro + (rs, - fo)l{U = +00) + ^ {fs^+, - vd^ + fo^ - rs^) 1{K > j). (102) 

i=i 

We can use the same argument as in the proof of part a) to deal with 
Ej=i i'f'Dj - rs^) 1{K > j) and Yl'jZl - rOj) HK > j). To deal with the 

remaining term (fg^ — ro)l(f/ = +cxd), observe that fg^ — tq = LJq, and apply 
Lemma [36lc). □ 

Lemma 41. For all < e < eo, and L > Li{e), there exist < 
C97(e), C98(e), C99(e) < +00 such that, for all k <m, 

a) Qx^irSk > mCgjie), K > k) < Cgsle) exp(-C99(e)m); and 

b) Qafo(^5fc > "^C'97(e), U = K > k) < C98(e)exp(-C99(e)m). 

Proof. Adapt the proof of Lemma [l0| using Lemma [39| instead of Lemma [38l and 
Lemma [37| instead of Lemma [36l D 

Proposition 18. For all L > Lq, there exists < C29 < +00 not depending on e 
such that, for all < e < eo, 



a) E'£{k^) < C29, E'£{{r.?) < C29; 

b) E:f^(K2|C/ = +00) < C29, El^liif^m = +00) < C729. 
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Proof of Proposition [TR Observe that, for any integer i > 1, 

e 

{k > t} C {K > £} U [j{K = k, Sk > t}, 

k=l 

whence 

e 

{k > t} C {K > £} U \J{K = k, fs, > [ait\ } U {U,>tf, < [aisj }. (103) 
k=l 

By the union bound, 

e 

Q^'(« > t) < q'/^{K > £) + ^Q'/^{fs, > [ait\,K = k) + Qj^'(U,>if, < [ais\). 

k=l 

_(104) 

Now remember 63 defined in Corollary [6] and let i := — 41og ((1 — iJs) ^[t])- 
By ([26]), (pr-Ulo) < p so that Qj,f(-D < +00) < 1-83. Moreover, for all 
j > 1, on K > j, (pr-L^Wrg ), SO that, by the strong Markov property, we have 

a.s. Qj^^{D < +oo\J^Sj) < 1 - (53. We deduce that 

Q'j'iK >£)<{!- < t-^- (105) 

Now observe that, for large enough t (not depending on e), [ait\ > iCj^ + ait/2. 
Using Lemma Ho] a), we deduce that, for all 1 < k < i, 

Qio^^s, > [ait\, K>k)< C7ik^iait/2)-\ (106) 
Finally, by Lemma [20} 

Plugging (jlOSp . (I106P and (|107p into (|104p . we deduce the conclusion of part 

a) regarding Ej^(«;^). The conclusion for Kj^{{fi^)'^) follows by an application of 
Lemma [2j 

As for part b), observe that the estimate in (jlOSp is still valid when Xq is replaced 
by ado- On the other hand, the estimate obtained in (jl06p follows from Lemma HOl 

b) . Then, by definition, the event U = +00 rules out the event Us>trs < [ais\. 
Part b) is then proved exactly as part a), noting that, QaSo{U = +00) > I — 62- 

□ 

Proposition 19. For all < e < eg, and L > Li{e), there exists < 
C3o(e)) C3i(e) < +00 such that 

a) E'/^iexpi-Csoie)^)) < Csiie), E'/^{exp{-C3o{e)r.) < C3i(e); 

b) E^f^(exp(-C3o(e)Ac|[/ = +00) < C3i(e), E^f^(exp(-C3o(e)r«|C/ = +00) < 
C3i(e). 

Proof of Proposition \19l The proof is very similar to the proof of Proposition [THl 
but this time, we use £ := [(l/2)C97(e)-iaitJ, so that the r.h.s. of (fTOSll now decays 
exponentially as i — > +00. 
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We then use Lemma SU instead of Lemma H0| noting that, for large enough t, 
[ait\ > iCgi{€). Finally, we use Lemma [22l instead of Lemmal20( and the conclusion 
follows as in the proof of Proposition [TSl 

□ 
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